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FREE BOUNDARY REGULARITY FOR SURFACES
MINIMIZING Area(S) + c Area(3S)
BY
EDITH A. COOK

ABSTRACT. In R”, fix a hyperplane Z and a (k — 1)-dimensional surface F lying to
one side of Z with boundary in Z. We prove the existence of S and B minimizing
Area(S) + cArea(B) among all k-dimensional S having boundary F U B, where B
is a free boundary constrained to lie in Z. We prove that except possibly on a set of
Hausdorff dimension k — 2, § is locally a C!** manifold with C!** boundary B for
0<a<1/2 Ifk=n—1, Chis replaced by real analytic.

1. Introduction. This paper establishes the existence and analyticity at the free
boundary of surfaces which solve a variational problem where a weighted average of
the area of the surface and the area of the boundary is minimized.

Our variational problem is described as follows: We fix a positive real number ¢
and let k and n be integers such that 2 < k < n. In the ambient space R” = R¥~1 x
R X R""% we fix a hyperplane Z = R*" ! X {0} X R""* and a (k — 1)-dimensional
surface F of finite area whose nonempty boundary is contained in Z. We consider
k-dimensional surfaces S having a boundary which is the union of F and a
(k — 1)-dimensional surface B, where B is a free boundary constrained to lie in Z.
For such S and B we measure the quantity

Area(S) + cArea(B).

A solution to our problem would be a pair S and B, for which this quantity assumes
its minimum value.

We establish the existence of a solution in a measure theoretic sense. For such a
solution, we prove there exists a set whose m-dimensional Hausdorff measure is zero
whenever m exceeds k — 2 such that if p is a point of the free boundary B in the
complement of this set, the following two statements hold.

(1) There exists an open ball about p in which S is a C** manifold with C'*
boundary B, whenever 0 < a < 1/2.

(2) If the codimension of S in n-space is one, then near p, S is an analytic manifold
with analytic boundary B.

Using a hodograph transformation similar to that used in [10] our proof extends
to the case where Z is a real analytic graph over R*~! X {0} X R""%,
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This problem bears some similarity to free boundary problems considered by
J. C. C. Nitsche, S. Hildebrant [9], R. Courant, H. Lewy, W. Jager and others. These
problems typically start with a fixed curve in R® having its endpoints in a two-
dimensional surface Z and consider two-dimensional surfaces S which are bounded
by F and Z and minimize area subject to that constraint. The solutions minimize
area alone. In our problem, a solution S minimizes area on its interior and along the
fixed boundary. At the free boundary, however, both the surface S and the free
boundary B attempt to minimize their own areas simultaneously. It is this interplay
which is for us at the same time both a source of difficulty and an advantage.

This work was begun as a doctoral dissertation at the University of Rochester
under the direction of Jon T. Pitts. The author gratefully acknowledges the benefit of
many discussions with Fredrick J. Almgren, Jr. An American Association of
University Women Fellowship provided partial finanical support for this work.

2. The main result. We follow the standardized terminology of geometric measure
theory found in [8 and 4].

Form > 1, U™(p, r) and B™( p, r) will denote, respectively, the open and closed
balls with radius r and center p. When referring to a ball in our ambient space R”,
we will often suppress the n and write U( p, r) or B(p, r).

MAIN THEOREM. Suppose k and n are integers, 2 < k < n, and c is a positive real
number. Suppose F € 12_(R"), F has finite mass, & + spt*(dF) C R¥"! x {0} X
R" "% and spt?>(F) ~ spt’(3F) c R*"! x {0} X R""*. Then the following conclusions
hold:

Existence. Among all B € 17 _,(R") with support in R*~! X {0} X R" % and 9% =
—oF, and ¥ l,%(R") with .= B + F, there exists a pair B, ¥ which minimizes
M2() + cM2(%B).

Regularity. Let B = spt*(F + %) ~ spt’(F) and S = spt’(¥).

(1) Suppose p € B such that % Y (#* LB, p) = 1. Then whenever 0 < a <1/2
there exists r > 0 such that S N\ U(p,r) is a C“* manifold with C** boundary
Bn U(p,r).

(2) Suppose p € B such that @ Y(#* LB, p) =1 and OX(H#*LS, p)=1/2.In
casen = k + 1, whenever 0 < a < 1/2 there exists an r > 0 such that S N U(p, r)is
a C** manifold with C** boundary B N U(p, r).

(3) In case n=k + 1, if p is as in (2), then there exists an r > 0 such that
S N U(p, r) is a real analytic manifold with real analytic boundary B N\ U(p, r).

(4) Let J be the set of points in B which do not satisfy the density hypotheses of (2).
Then %~ 2*¢(J) = 0 for every e > 0.

We anticipate the extension of (2) and (3) to higher codimension. The restriction is
due to the limitations of the Schauder estimate used in proving C>* regularity. An
extension of this estimate to systems of partial differential equations and boundary
conditions like the unpublished extension mentioned in [10] should be applicable

here.
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Using a hodograph transformation our proof extends to the case where the free
boundary is constrained to lie in the graph of a real analytic function over
R™1 X (0} X R"X,

Throughout this paper, we fix k, n and c as in the statement of the Main Theorem.
We also will continue to use the notation %, & for a flat chain modulo two solution
and B, S for a set representation of the solution. Considering R” as R*"! X R X R"~%,
we fix the hyperplane Z = R¥~! X {0} X R""¥. The orthogonal projection ¢: R" —
R"~! will be defined by g(x,,...,X,) = (X1,-+-»X4_1» Xg415--+>X,) and g*: R*"1 >
R” will be the corresponding orthogonal injection whose image is Z.

3. Existence. The proof of existence is a standard argument in which the
compactness theorem [8, 4.2.26, (4.2.17)"] is applied to a sequence (%;, %) in
I2_,(R") X I3(R") such that for each i, spt’(%,) C Z, 0%, = —-OF, 3%, =%, + F
and M2(%) + cM?(%,) decreases to the finite number

inf(M?(&#) + cM*(B): spt*(#) C Z,08 = -0F, 0= B+ F }.

Note that solutions ¥and % satisfy the following minimizing properties.

1) M*(&)+ cM*(Z) < MX(T) + cM?(Q) whenever T € I2(R") and Q €
I7_,(R")such thatspt Q € Z,9Q = -9Fand 0T = Q + F.

(2) M?%(&#) < M*(T) whenever T € I3(R") and 9T = & + F.

4. Other representations of the solution. For later convenience in the proof of
regularity, we associate with and % currents and varifolds as follows.

Currents. By the definition of I2(R") and I?_,(R") there exist S* € #,(R") and
B* € #, _,(R") such that (§*)? = #and (B*)? = 4. We may assume that both S*
and B* are representative modulo two [8, 4.2.26, p. 430], i.e. ||S*|| <% and
||B*|| < %1, or equivalently @*(||S*||, x) < 1 and ®*~1(]|B*||, x) < 1 for #* and
%=1 almost all x, respectively.

By [8, 4.1.28 and 4.2.26, pp. 427, 430], these currents satisfy the following
properties.

(1) (08*)2 = 3(S*)* =B+ F.

(2) ©4(||S*|l, x) = 1 for ||S*|| almost all x.

G IS*Il = IS*12 = 111> = #¥L{x: @X(|IS¥]}, x) = 1}.

(4) spt||S*|| = spt*(#).

Analogous statements hold for B*.

The minimizing properties of ¥ and 4% imply the following minimizing properties
of $* and B*.

6)If Te 2,R") and Q € Z, _,(R") such that (T)* — L )(R" ~ U) = 0 and
((Q)* = Z)(R" ~ U) = 0 for some open set U disjoint from spt?(F), then M(S*)
+ ¢cM(B*) < M*(T) + cM?(Q).

(6) S* is area minimizing modulo two.

(7) M(S*) < M(T) whenever T € #,(R") with 3T = 3S*.

This last property yields
(8) |IS*|| = s *Lspt||S*|| = #¥LS, and
(9) | B¥|| = #*~'Lspt|| B¥|| = #* 'L B.
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PrROOF OF (8). By [8, 5.1.6], there exists ¢ > 0 such that ©*(||S*||, @) > ¢ and
Tan*(||S*||, a) = Tan(spt S*, a) whenever a € spt||S*|| ~ spt 0S*. We now argue
that spt||S*|| is (J£¥, k)-rectifiable. By [8, 3.3.13], spt||S*|| = W U Q, where Q is
(H#*, k)-rectifiable and #* measurable, Q N W is empty and W is purely
(5%, k)-unrectifiable. Suppose x € spt||S*|| such that @%(#*LQ, x) = 0,
Ok(# LW, x) = b > 0 and such that Tan*(||S*||, x) is in G(n, k). Since the projec-
tion of W onto almost all members of G(n, k) has measure zero, one may use the
projection of spt||S*|| onto Tan*(]|S*||, x) or onto a rotation of this k-plane through
a small angle, to construct a comparison rurrent of less mass than S*, a contradic-
tion.

Now suppose D C spt||S*||. Let {V;} be a decreasing sequence of open sets each
of which contain D with limit D. By [8, 2.10.19(3)],

IS*I(D) = lim ||S*|(V;) > t+*(D),
11— 00

where &#* is k-dimensional spherical measure. Therefore, by [8, 2.10.2], t5#%(D) <
t#*(D) < ||S*||(D). Combining this with the previous properties, we obtain (8). (9)
is proved by a similar argument.

Varifolds. We define varifolds v(S) € V,(R") and v(B) € V,_,(R") by

v(S)(4) =#*(sn {x: (x,Tan*(#*LS, x)) € A})
whenever A € R"” X G(n, k) and
v(B)(A) =#*YBn{x:(x,Tan*"Y(s#* LB, x)) € 4})

whenever 4 C R" X G(n, k — 1).
It is easily verified that ||o(S)|| = ||]|? and ||v(B)|| = || B||>.

5. Regularity.

5.1. Outline of the proof. We focus our attention on a point p in B N S with
p = dist( p, spt?(F)) > 0. By translation we may assume that p is the origin. The
proof of regularity is in three parts. (1) First, we assume @~ }(»#*~1LB,0) = 1 and
use the (M, &, 8)-minimality of B and a regularity theorem of F. J. Almgren to show
that locally B is the graph of a C!* function provided 0 < a < 1/2. (2) We then
assume in addition that @*(#*LS,0) = 1. After developing the structure of S as a
varifold, we use this structure to prove S is a C'* manifold with C!** boundary in a
neighborhood of the origin whenever 0 < a < 1/2. (3) Restricting to the case when
S has codimension one, we express S locally as the graph of a function over a
k-dimensional half-plane. The minimizing properties of the surface and boundary
imply that this function satisfies an elliptic partial differential equation and comple-
menting boundary condition. A standard difference quotient argument and Schauder
estimate implies the local C>* regularity of S and B. A regularity theorem of Morrey
then allows us to conclude that the surface and boundary are analytic near the
origin.

In §6, we return to arbitrary codimension and estimate the size of the set of points
in B where our density hypotheses fail.

5.2. CY* regularity of B. In this section we consider B as a (k — 1)-dimensional
subset of R*" 1,
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THEOREM. Suppose 0 < a < 1/2, B C R"" ! is the free boundary of a solution to our
variational problem, 0 € B ~ spt*(F) and ®*~Y(s#*~'LB,0) = 1. Then there exists
an R,0 < R < dist(0, spt>(F)), and a rotation 8 of R" ! such that (B N U"~1(0, R))
is the graph of a C* function f: U — R"~*, where U is an open connected subset of
U*~1(0, R) containing the origin of R*~1,

PROOF. Let § be a small positive number such that
0 < & < min{ck/4, p = dist(0,spt*(F))}.

Define ¢&: R*— R* by &(r) = (8/ck)t. This function is nondecreasing and ap-
proaches zero as ¢ approaches zero from the positive side.

We shall show that B N\ U""1(0, r) is (M, £, §)-minimal with respect to R""! ~
U"~Y(0, r) for any r satisfying 0 < r < dist(0, spt>(F)) = p (see Almgren [6, III.1
and II.1]), and then apply Almgren’s regularity theorem for (M, £, §)-minimal sets
(see [6, IV.13(5))).

Fix such an r. The only condition of (M, £, §)-minimality which is nontrivial to
verify is that

K BAW)< (1 +£(2)# " (e(BNW))

whenever ¢: R""! > R""! is a Lipschitz map with W =R""! N {z: ¢(z) # z},
t = diam(W N ¢(W)) < 8, and dist(W U ¢(W), R*"! ~ U""(0, r)) > 0. This fol-
lows from the minimizing property of B and S. Indeed, fix b € W U ¢(W). Then
WU ¢(W)c B"(b,2t). For some ¢ > 1, define h: (-¢, &) X R""1 > R""! by
h(s, x) = (1 — s)b + sx. By the minimizing property of S* and B*,

M(S*) + cM(B*) < M(S* + h,([0,1] X (¢.(B*) — B*))) + cM(,(B*)).

Applying formulas of Federer [8, 4.1.9 and 1.7.5], we obtain the following inequali-
ties:

cM(B*LW) + ¢cM(B*L.(R""! ~ W)) = cM(B*)
< M(24([0,1] X (¢4(B*) — B*))) + cM(9,(B*))
< [ [[ix = bls*~" dsdl6.(B*) ~ B¥lx + cM(9u(B*)
< (2t/k)M(94(B*) — B*) + cM(¢,(B*))
< (2t/k)M( . (B*LW)) +(wt/k)M(B* W)
+cM(B*L (R ~ W)) + cM(¢,(B*LW)).
Rearranging terms and noting that ¢ < ck/4, we obtain
M(B* W) < (1 + 4t/(ck — 2t))M(p.(B*LW))
< (1 +£(2)) " (g (BLW)).

The relationship of B and B* yields the desired inequality.

We are now in a position to apply Almgren’s regularity theorem. By hypothesis,
O " 1(#*"1LB,0) = 1. It is a consequence of (M, £, §)-minimality (see Taylor [14,
11.2)) that Tan*~!(s#*~'L B N U(0, p/2),0) is an area minimizing cone. The density
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hypothesis, together with Federer [8, 5.4.7], implies this cone is an element of
G(n — 1, k — 1). For an appropriate rotation § of R*~*, B, = (B N U""Y(0, p/2))
has R¥"! x {0} as its tangent space. B, is (M, £, 8)-minimal with respect to
R"~! ~ U""X0, p/2). Direct computation yields

flt“”"’g(t)l/z dt <
0

when 0 < & < 1/2. Let s be the constant s of [6, IV.8]. It is easily verified that there
exists a small positive r as required in [6, IV.13(5)] so that Almgren’s theorem implies
the existence of a C!** function

f: B¥=Y0, sr/2) > R"K
such that
graph(f) =6(B N U""Y(0, p/2)) N[ B*~1(0, sr/2) x R"™¥].

Let Z = min{p/2, sr/2}.

5.3. Varifold structure of S. We now prove some variational inequalities, monoton-
icity results and density results for the varifold v(S). These results will be needed to
prove C1® regularity of the surface S at the free boundary for 0 < a < 1/2.

IMPORTANT REMARK. While the propositions in this section are stated for v(S) the
reader will note that the results depend only on the fact that v(S) is associated with
a rectifiable current S* for which the following properties hold:

(1) S* is representative modulo two.

(2) For 0 < R < p = dist(0, spt?(F)),

M?(S*.U(0, R)) + cM?(3S*.U(0, R)) < M?(TLU(0, R)) + cM?(dTLU(0, R))

whenever S* and T agree on the complement of U(0, R).
(2’) In particular,

M2(S*.U(0, R)) < M3(TLU(0, R))

whenever S$* and T agree on the complement of U(0, R) and 9S* = 0T.

(3) There exists an R > 0 such that (spt 9S*) N U(0, R) is a (k — 1)-dimensional
C'* manifold of R".

The proof of Theorem 5.4 will draw on this remark.

5.3.1. Variational properties. Let U be an open subset of R" which is disjoint from
spt2(F). Suppose g: R* > R" is a smooth vector field with support in U such that
g(Z) c Z. For some ¢ > 0, let h: (-¢, &) X R” = R” be a smooth map such that
h(0, x) = x, g(x) = (3/31)|,_o(h(1, x)) for all x € R", and {x: h(z, x) # x for
some ¢ in (¢, €)} has compact closure in R". For each ¢ in (¢, €), let 4,: R” — R" be
defined by h,(x) = h(t, x). This deformation may be used in two ways to construct
comparison surfaces to S*, B*.

First, S*, B* may be compared to h,.(S*), h,(B*). Define the function
f:(-¢,¢) > Rby

F(t) = |0 (S)IU) + cM?(h,..B*).
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By the minimality properties of S* and B*, F assumes its minimum when ¢ is zero.
Differentiating F yields the following result.

PrROPOSITION 1. If g: R" — R" is a smooth vector field with support disjoint from
spt2(F) such that g(Z) C Z, then

0 =28(v(8))(g) + c(d/dr)|,_oM?(h,,B*).
This has an immediate corollary.

COROLLARY 2. Let U be an open subset of R" which is disjoint from spt*(F). Then
v(S) is stationary in U ~ B.

Second, with g and 4 as before and ¢ > 1, $*, B* may also be compared with the
pair h,.(S*) + h ([0, ] X B*), B*. Define f: (0, €) = R by

£(1) = 1lh 0 (S)IR") + M(h, ([0, 1] X B*)).
The minimality of S*, B* implies that for ¢ in (0, ¢),
f(1) > M2(h,,8*) + M?(h,([0, 1] x B*))
> M?(h,,S* + h,.([0, ] X B*))
> M?(S*) = £(0).
Thus the derivative on the right of f at zero is positive and
0 < 8(v(5))(g) +(d/dr)|,.oM(h4([0, 1] X B*)).

Furthermore, using (8, 4.1.9, 4.1.28(5), 1.7.5 and 1.7.6] and the definition of A, we
compute that

(dyat)|,_oM(h ([0, 1] x B*))

= [I(d/de)|,—oh () A(T, Ay 1Dho(x))]dIIB¥IIx
< [lg(x) A(T, A lee) |d11B¥I1x

< [lg(x)ld1B*Ilx.
Therefore,
0 < 8(0(8))(8) + [1g(x)IdIIB*|)x.

Combining this with a similar computation for —g yields two results.

PROPOSITION 3. If g is a smooth vector field on R" with support in R ~ spt?(F),
then

18(o(5))(g)I < f1g(x)IdIIB*x.

COROLLARY 4. ||8(v(S))|| is a Radon measure on R" ~ spt?(F).
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5.3.2. Monotonicity. Next we prove an isoperimetric type inequality and a monoton-
icity result for v(.S) at points on the free boundary.

PROPOSITION 1. If 0 € B, @K~ Y(s#*"1LB,0) =1, R > 0 and B N U(0, R) is the
graph of a C'* function f: Tan(B,0) —> Tan(B,0)*, then there is an s such that
whenever b € U0, R — S) N B,

lo(S)IU(b, r) = [y(d + 1)k]™*r,

where vy is the isoperimetric constant of [8, 4.2.10] and d is a constant depending on n, k
and the Holder constant of Df.

PrROOF. It is convenient to prove this proposition for ||S*|| which is equal to
o (I

As B N U(0, R) is the graph of a C* function, there exists 0 < s < R and E such
that || B*||U(b, r) < Er¥~la(k — 1) for 0 < r < sand bin U(0, R — s). Fix b.

Define u: R” > R by u(x) = |x — b| and let {S*, u, r) denote the slice of S* on
the dB(b, r) (see [8, 4.2.1]). Also define m: (0, s) = R by m(r) = ||S*||U(b, r).

By [8, 4.2.1],

(1) M((S*u, ry) < m'(r).
Next we prove there is a d such that
(2) |B*|U(b, r) < dM({S*, u, r))

whenever 0 < r <s. Let Y denote the tangent space to B at the origin. Y is the
image of R*~! X {0} under a rotation 6 of R". Let 7(b): R” = R” be the translation
which takes b to the origin and p, _,: R” > R*"! be defined by by p, _,(x,...,x,)
= (Xq,...,X4_1). Now

3[r(b)(S* u, r)] = 3[7(b)(B*LU(b, r))]

has support contained in {z: |Y(z)| > r — B} for some 8 < Cr, where C depends on
the Holder constant of the derivative of the function f: Y — Y of which B is the
graph. Thus (p,_,°0 ' o Yo 1(b)).(S*, u, r) is a top dimensional flat chain whose
boundary has support outside U*~}(0, r — B). By the constancy theorem [8, 4.1.7]
there exists a number a such that

spt((py_1°07 o Yor(b)).(S* u, ry — aE*1LU(0, r — B))

is contained in R*~! ~ U*~1(0, r — B), where E¥~! is the flat chain associated with
R“~!. Combining this with our original assumption on f, we obtain

M({S*, u,r)) > Lip(p;_,°0 7 o Yor(b))M(aE*"'LU*"1(0, r — B))
>a(r— B) '\ r ¢ VE-12-Y BXU(D, r)

> 2711 - ) 'aE " BHU(b, r).

Letd = 2a7'(1 — C)'*E.




FREE BOUNDARY REGULARITY FOR SURFACES 511

Now we compute a lower bound for »~*m(r). By the isoperimetric inequality [8,
4.2.10], there exists a constant y depending only on k and » such that

M(S*LU(b, r))* % < yM(3[S*LU(b, r)])
< YM({S*, u, r)) + YM(B*.U(b, r)).
Applying (1) and (2) and rearranging terms, one obtains
[v(d+ D] < [m()] " m(r).
The proof is completed by integrating with respect to » and raising the result to the
k th power.

PROPOSITION 2. If0 € B, %~ 1(5#*~1LB,0) = 1 and R > 0 such that B N U(0, R)
is the graph of a C* function f: Tan(B,0) — Tan(B,0)*, then there is an s and a
constant D, depending on k, n, and the Holder constant of Df such that
r o (S)IU(b, r)exp(a~'Dr=)
is a nondecreasing function of r for 0 < r < s whenever b € U(0, R — s) N B.

PrOOF. Let S, E, and m be as in the proof of Proposition 1. For a fixed ¢ > 1,

define A: (—¢, ) X R" = R" by h(t, x) = tx. Then whenever 0 < r < s,
S*L(R" ~ U(b, r)) + h,([0,1] Xx(S*,u, r)) + h,([0,1] X (B*B(b, 1)))
has boundary 0S* and agrees with S* outside U(b, r). Since S* is area minimizing,
m(r) < M(h,([0,1] X (S*, u, r))) + M(h,([0,1] X (B*.B(b, r)))).
Since spt{S*, u,r) C 0B(b, r), the first term on the right does not exceed
(r/k)M({S*, u, r)). We shall find a constant 4 such that the second term does not
exceed (1/k)Ar'* 2| B*||U(b, r). By (1) of the proof of Proposition 1, we would then
have
m(r) < (r/k)m'(r) +(A/k)r'* | BX|U(b, r).
Multiplying by k[m(r)r]~!, applying Proposition 1 and recalling the original as-
sumption on r and s then yields
k/r<m'(r)/m(r) + Dre71,
where D is a constant depending on k, n and the Holder constant of Df. Integrating
and rearranging terms we obtain
0 < (d/dr)(¢a(r-*m(r)) + a'Dre).

From this the proposition easily follows.

We now return to find 4. Recalling [8, 1.4.9 and 4.1.28(5)], we let T, denote a
simple unit (k — 1)-vector associated to the tangent space of B at x, and compute

M(2.([0,1] X B*LB(b, r)))

<[ [d/d)h(x) A (T, Ay \Dh,(x))] L] Box
U(b.r)v0

1
< [ [lx AT d L) B
Ub.r Yo

< (1/k)fU(b Ix A T,1dI|B¥|x.

We will be done if we can find a constant A such that |x A T,| < A|x|'*°.
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Let p,_;: R" > R*"! and p,_,: R" > R"* denote projections onto the first
k — 1 coordinates and the last n — k coordinates, respectively. Let p¥_,: R*~1 - R”
and p}_,: R""% - R" be the associated orthogonal injections onto R¥~! x {0} and
{0} X R" %,

Each x in spt||B*|| N U(b, r) is of the form (y, f(y)) for some y. So

lx AT <|xATx|-|[A,_(pt_io1,_, +pri o DF ()
= (. f(»)) A ey, pE_yo1,_y + p¥ o Df)
AR <ek-1,pt_1°1k-1 +P:—k°Df()’)>|

By definition [8, 1.7.5], this norm is equal to the square root of the sum of the
squares of the k X k subdeterminants of

( Y f(») )
| (Df()’))r.

Thus the form does not exceed the sum of the absolute values of k X k subdetermi-
nants. Each subdeterminant is in turn a sum of terms of the form f;( y) or either y, or
fi(y) times a product of k — 1 derivatives D,f;(y), where f = (f,....f,—x) and
Y =()1,--->Yi—1)- We bound each of these terms. Let C be the Holder constant of
Df. Clearly | y;| < |y| < |x|, and

1D.f;(»)1 < 1Df(y)I < n/2IDf ()l < n'/2Clx|°.

To bound | f;( y)| we apply the mean-value theorem to find z on the line between the
origin and y such that f;(y) = grad g;(z) - y. Thus

1£:(»)] < lgrad f,(2)11y] < n'/*Clz]%|y| < n*/2Clx|' =

Combining these inequalities and recalling that |x| < 1, we find that the absolute
value of no subdeterminant exceeds sup{n'/2C, nk=272Ck=1 pk=2Ck}|x|1*= Tt is
now easy to obtain a constant A depending on n, k and C such that

Ix A T 1A (pEyoliy + piso DF(Y))II < Alx|' ™

5.3.3. Density of v(S). If U is an open subset of R" disjoint from spt?(F) U B,
then the interior monotonicity implies @*(||v(S)||, x) is real for each x in U.
Futhermore, since ©*(||v(S)], x) = 1 for almost all x in U (see §4(2)) and v(S) is
stationary in U (see Corollary 2 in §5.3.1), the density O*(J|v(S)]}, ) is upper
semicontinuous on U by [4, 8.6]. In particular, ®%(J|o(S)|, x) > 1 for all x in
U N sptfjo(S)]|.

A similar upper semicontinuity result along the free boundary follows from our
boundary monotonicity result by an argument similar to that of [4, 5.4].

PROPOSITION 1. Suppose 0 < a < 1/2 and U is an open subset of R" ~ spt?(F)
such that UN B is a C“* manifold. Then ©*(||v(S)||,-) is a real-valued upper
semicontinuous function on U N B.
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5.3.4. Varifold tangents to v(S).
PROPOSITION 1. Suppose 0 € B N spt||v(S)|| ~ spt>(F) such that

Q4 Y+ 1LB,0)=1 and OF(H#*.S,0)=1/2.

Then

(a) v(S) has a varifold tangent C at 0;

(b) Tan(B,0) € G(n, k — 1); and

(€) there is a unit vector u normal to Tan(B, 0) such that C is the varifold associated
to{y+ tu:y € Tan(B,0) and t > 0}.

PROOF. Part (a) follows from [4, 3.4] since ®*(||v(S)||,0) is finite. Part (b) is a
consequence of 5.4. It remains to prove part (c). Let r, be a sequence of positive
numbers which increases to infinity and let

C = lim p(r)Lllo(S)I,
11— 00

where p(r;): R" — R” is multiplication by r,. Let a be between 0 and 1/2 and let U
be an open subset of R” ~ spt?(F) containing the origin such that U N B is a C**
manifold. Since ||v(S)|| is stationary in U ~ B, we apply [4, 4.11] to conclude that
[|8(v(S))|L(R” ~ Tan(B,0)) = 0. Letting V be C plus its reflection across Tan( B, 0),
the Reflection Principle [5, 3.2] implies V is stationary. By the interior semicontinu-
ity of the density of ||v(S)| and [4, 5.3], there is a T in G(n, k) such that
V = 20*(J|C||,0)v(T), where v(T) is the varifold associated with 7. Hence C =
20%(JIC|I,0)v(W), where W is a connected component of T ~ Tan(B,0). Finally,
O*(|IC]l,0) = 1/2 by the hypotheses on the density of ||v(S)]|. Part (c) now follows
immediately.

REMARK. By translation, this proposition holds for any b € B N spt||v(S)]|| ~
spt2(F) satisfying the density hypotheses.

5.3.5. Other results. Let a be between 0 and 1/2. Let U be an open subset of
R" ~ spt?(F) such that U N B is a C** manifold.

Applying [4, 54 and 8.6] to C € VarTan(v(S), b) plus its reflection across
Tan( B, b) one obtains the following.

PROPOSITION 1. ©X(|lu(S)|, b) = 1/2 whenever b € U N B N sptl|v(S)|| and
@ 1 (#* LB, b) = 1.

The argument of [5, 3.5(3)] directly implies

PROPOSITION 2. There is a number p. > 1 with the property that if b€ UN BN
spt||lo(S)|, OK Y "B, b)=1 and 20%(||v(S)|, b) < n, then there exists a
positive real number r such that B N U"(b, r) C spt||v(S)||.

5.4. C1* regularity of S. We now prove that the surface S is a C1** manifold with
boundary (0 < @ < 1/2) in a neighborhood of any point on the free boundary B at
which the boundary has density one and the surface has density one-half. If we
assume that the origin is the point under consideration and for each positive r let
p(r7): R" - R" be the homothety u(r)(x) = r~'x, then the density hypotheses
imply that for small r, ||p(r~1),0(S)|(U(0,1)) is close to the mass of a k-dimen-
sional half-disc, and spt(|u(r ') ,o(B)|| N U(0,1)is, by §5.2, the graph over Tan( B, 0)
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of a C* function (0 < a < 1/2) and has area close to that of a (k — 1)-dimensional
disc. The p(r'),v(S) also maintains the minimizing properties of v(S). We prove
that if V' is a varifold satisfying the above properties, then spt||V|| N U(0,1) is the
graph over a k-dimensional half-plane of a C!:* function.

Fix a, 0 < a < 1. Whenever N is a (k — 1)-dimensional C!* submanifold of
U(0, 1) containing the origin, we make the following definitions. Let

Y = Tan(N,0),

K, (N)=inf{t:|Y*(y — b)| < t|y — b| whenevery, b € N },

K,(N) = sup{|[Tan(N, b) — Y||: b € N},

K;(N) = inf{z:|[Tan(N, b) — Tan(N, y)| < t]y — b|* whenevery,b € N },

K4 N)=sup{|Y*(b):bE N}, and

n(N) = max{K;(N):i=1,2,3,4}.
If N is the graph of a C1* function f: Y N U(0,1) > Y+ we set
w={(a,b): {a+v:vE Y} NN={b}},
¢(a) =|a — w(a)| whenever a € domain w, and
x(a) =Y +{t(a— w(a)):1 € R} € G(n, k) whenevera & N.

THE VARIFOLD THEOREM. Suppose 0 < a < 1. There exists 8 > 2 depending on n
and n — k such that for each € with 0 < ¢ < 1 there exists 8 > 0 and 0 < C < oo with
the following property: If

(H1) Vis a k-dimensional varifold in R";

(H2) IV II(R* ~ U(0,1)) = 0;

(H3) spt||V|| N U(O, 8) + @;

(H4) |IV]IU@©,1) < (1 + 8§)a(k)/2;

(HS) ©*()|Vl, x) = 1 for ||V || almost all x € R";

(H6) N is a (k — 1)-dimensional C'* submanifold of R" with the Holder constant of
the derivative not exceeding 2/ f3;

HDIVI(N) = 0;

(H8)0 € N;

(H9) Y = Tan(N,0);

(H10) N is the graph of a C** functionf: Y - Y*

(H11) (Closure of N) N U(0,1) = N;

(H12)#* (N N U@0,1)) < (1 + &)a(k — 1);

(H13)0 < n(N) < §;

(H14) V is stationary with respect to vector fields g with spt g € U(0,1) ~ N; and

(H15) V = v(Q), where Q € R,(R") is a representative modulo two, (spt 3Q) N
U(0,1) = N and ||Q||*U(0,1) < || P||*U(0,1) whenever P € ®,(R"), 3P = 3Q and
PL(R" ~ U(0,1)) = QuR" ~ U(0,1));
then

(C1) for each b € N N U(0,1 — ¢) there exists a unit vector u, € Nor(N, b) for
which

Tan(spt||V|l, b) = {y + tu,: y € Tan(N, b) and t > 0};
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(CQ)p = [T+ (x))%d||V||x < ewhere T = {y + tuy,: y € Tan(N,0) and t € R};

(C3) T projects spt||V|| N U(0,1 — ¢) univalently into T;

(C4) |[Tan(spt||V]l, x) — Tan(spt||V]|, a)|| < Csup{p, n(N)}|x — a|* whenever x,
a € spt||V|| N U@O,1 —¢) ~ N;

(C5) If y, be N and T,, T, € G(n, k) containing Tan(spt||V||, b) and
Tan(spt||V||, y) respectively, then ||T, - T)|| < Csup{p, n(N)}|y — b|* and

(C6) |[Tan(spt||V]l, x) — T, |l < Csup{p, n(N)}|x — w(x)|* whenever x €
spt||[V|| N U@O,1 — ) ~ N.

PrROOF. The proof parallels that of a boundary regularity result of Allard [5, §4].
Here we outline the changes and concentrate on places where significant changes are
made. A detailed version of our parallel proof is available from the author upon
request. The main differences are that Allard’s boundary is C? rather than C
while his variational condition on V is weaker than our (H14) and (H15). We replace
Allard’s nearest point retraction onto the boundary, &, which is no longer Lipschitz,
by our w. We replace Allard’s distance p from a point to the boundary by our ¢, k by
K,,1 —k/pbya,and Bby N.R = K.

The proof requires several basic properties of n and w, which we now prove.

(1) n(N) < BC, where C is the Holder constant of Df and 8 > 2 is a constant
depending on n and k.

Indeed, we check that K,(N) < C and K4(N) < C by first noting that

Tan(N, b) = {y +(», Df(Y(»))):y € Y},
and then applying [4, 8.8(5)] to obtain
ITan(N, b) — Tan(N, y)|l < IDf(Y(d)) — Df(Y(y))ll < CIb — y|*
and
Tan(N, b) = Y|| < C|b|*< C

whenever b, y € N. To see that K,(N) and K,(N) do not exceed BC, we let b and y
be in N and use the mean value theorem applied to the coordinate functions of f to
find x,,...,x,_, on the line between Y(y) and Y(b) such that

£i(Y(y) — £(¥(b)) = grad £,(x,) - [Y(y) — Y(b)].

There is a constant 4 depending on n and k such that

1Y+ (y) = Y+ (b)) =1/(Y(»)) - F(Y (D))
[ n-k 1,2
< | X lerad £,(x)11Y(y) - Y(b)lz}

L i=1

N

n—k 172
)y |Df(xi)|2] ly = bl
| i=1

i=1

[ -k 1,2
<42 ) IIDf(xi)Ilz] ly — bl < AC(n —k)|y — b|

since |x,| < 1. Let 8 = max{A(n — k),2).
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Note that [4, 8.8(3)] implies
INor(N, b) — Nor(N, y)|| = |[Tan(N, b) — Tan(N, p)|| < n(N)[b — y|*

whenever y, b € N.

(2) Foreachr,0 < r < 1, let u(r~!): R" > R" be the homothety u(r 1) y) = r~'y.
Let N, = pu(r"")N N U(0,1). Then Y = Tan(N,,0) and n(N.) decreases to zero as r
does.

(3) If n(N) < 1, then Y maps N N U(0, 1) diffeomorphically onto Y(N N U(0, 1))
and the Lipschitz constant of the inverse map does not exceed (1 — [n(N)]?) /2

Indeed, whenever y, b € n N U(0, 1), we have

[Y(y) = Y(b)| = |y = b)> = |¥*(y — b))
>y = b = [Ky(N)]ly - b
> (1=[n(M)P)1y - b1
Note that

@) |o(x) — w(a)] < 1 — [n(N)]*)"Y?|x — a| whenever x, a € {z: Y(z) € NN
U0, 1)}.

Allard’s proof is a series of lemmas most of which go through in our case with
references to Allard’s 2.1 and 2.2 replaced by our definitions of 1, w, {, and x and by
(1)-(4) above; with 3.4(1) replaced by 5.3.2(1), 3.4(2) by 5.3.2(2), 3.5(1) by 5.3.3(1),
3.5(2) by 5.3.5(1), and 3.5(3) by 5.3.5(2).

In [5, 4.4], the inequalities of the proof require minor changes when our references
are used, but it is easily checked that results (1)-(4) of [S, 4.4] remain as stated.
Inequality (5) must be modified to

(5) for small ¢z,

/ N
T(M)YN{z:|Y(2)|<t}

< (2 + 4n(N)t)fT(M)|IDfI|2d9?2 + da(k - 1)[a(N)]*r.

This is verified by following the computation of Allard [5, pp. 434-435], but using
the fact that by definition of n(N), |Y* (z)| < n(N) whenever z € N.

The proof of [5, Lemma 4.5] requires significant change. We now prove a
replacement lemma.

LEMMA. There exist constants 6§ > 0 and C such that whenever V and N satisfy
(H1)-(H15) for 8, T € G(n, k) containing Y = Tan(N, 0), and

i = (ﬁri(x)ﬁduvnx)m,

then

IS = TI*dV(x, S) < Csup{p®, n*(N)}.

fU(O.lS/l6)><G(n. k)
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PROOF. Let ¢: U(0,1) — R be a smooth function with 0 < ¢ < 1, spt ¢ € U(0, 1),
and U(0,15/16) C {x: ¢(x) = 1}. Let L = sup{|grad ¢(x)|: x € U(0,1)}. Let g(x)
= [¢(x)]*T* (x). Then

Dg(x) -8 =2¢(x)S[T*(x)] - grad ¢(x) - [¢(x)]’T* -S.
From [4, 8.9(3) and (2)] we have

[6(x)IS — TI]* = [o(x)]*IT* -5)12
< Dg(x)-S —2¢(x)S[T* (x)] - grad ¢(x)

< Dg(x) - S+ 2¢(x)L|IS — T|||T* (x)]
whenever (x, S) € U(0,1) X G(n, k). As in the proof of Proposition 3 of §5.3,
condition (H15) of the Varifold Theorem implies that

‘ [ Dg(x)sdv(x, 5)|< [igldIIN|.

This, combined with Schwarz’s inequality, implies

(5 [lsCs - TII*av(x, 5) < [[#()]AIT* (x)IdIN 1x

1/2

1,2
w2 flo(ons - T av(x,s)) " { fir* ()P av(s,s))
Letz = ([[¢p(x)||S — T|[)> dV(x, S))*/* Solving the polynomial equation
1/2
2= 2L fir (P av(x.9)) "z = [le(IT (x)IdINgx = 0

for z yields two roots r; < r,. It is easy to see that (*) is satisfied if and only if
r, < z < r,. Computing 7, and noting that (a2 + b?)!/? < a + b for positive a and
b, we have

(Jtoors - Tiavis, )]
<rn= 2L(f|T* (x)12dv(x, s))l/2

+(sz|T*(x)|2dV(x, $)+ [lo()1T* (x)IdIINHX)w

1,2

< 3L(f|Tl (x)1?av(x, S))V2 + (/|TJ' (x)|d||N||x)

Hence

/ IS — |12 av(x, 5)
U(0,15/16)X G(n, k)

< [#(x)Is - T2 dv(x, S)

1/2
<oL% + [i¥* (x)|dIV]x + 6Lu( fir+ (x)lanux)

< 9L%p? + 2a(k — 1)n*(N) + 6Lun(N).
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We may choose ¢ so that L < 2,716. If § < 1, then n*(N) < 7(N). Let C = 9L +
2a(k — 1)+ 6L. O
The change in (5) above and our references yield minor changes in the constants
in the proofs of Allard’s [5, 4.7 and 4.8]; however, the results go through as stated.
To prove the Varifold Theorem, we fix € and y with 0 < ¢ < y < 1 and choose §
sufficiently small that

21267+ 2721 + (2a(k))' (1 + 8)) 8

does not exceed the § of [5, 4.8]. Suppose V, N and Q are as in the theorem.
Tan(spt||V||,0) is a half-plane of some T in G(n, k) and Tan(N,0) C 7. Whenever
b€ N,let T, = Tan(N, b) + [Nor(N, b) N T']. Then

IT, = T|l < |Tan(N, b) — Tan(N,0)||
+||[Nor(N, b) N T] — [Nor(N,0) N T]||
< 2K;(N)|b)*> < 2q(N).
Whenever x € U(0,1),
T3 ()| < T+ (x)| + 1T, = TllIx| < T (x)] + 2n(N)|x].
Then, wheneverb € N N U(0,1 — v),

1/2
py = ((1 - b)) I, (x)|2ng||x)
U(b,1-1b))

< 8_(“2)/2(2 T+ (x) % ||V || x
U(b.1-1b))

1/2
=] 4n2(N)IxI2dIIVIIX)
U(b,1—1b)

<V2e* D2 [+ 2q(N)(IIVNIU(0,1))]
< VZe e 02[1 4+ (2a(K)) (1 + 8)] 5.

The proof now proceeds as on [5, p. 443] with £(x), p(x), 7 and 1 — k/p replaced
by w(x), |x — w(x)}, n(N) and a, respectively.

COROLLARY. Let 0 <a <1/2. Let S, B C R" be solutions to our variational
problem. Suppose 0 € B ~ spt*>(F), O }(o#*"1LB,0)=1 and ©*(H#*.S,0)=
1/2. Then the following three statements hold.

(1) There exists a unit vector u € Nor(B,0) for which Tan(S,0)= {y + mu: y €
Tan(B,0) and t > 0}.

(2) Let T = {y + tu: y € Tan(B,0) and t € R}. There exists an R > 0 such that
S N U(0, R) is the graph of a C** function f: T(S N U(0, R)) » T+ and U0, R) N B
is a C** manifold.

(3) There exists an R > 0, a rotation § of R" ! and a C** function

u: (R x(R*U{0})) N U(0, R) > R* ¥
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such that
graphu = ¢(S§) N(U*(0, R) x R"™%)
and
graph(u|(R*"1 x {0}) N U(0, R)) = ¢(B) N(U*(0, R) X R"~¥),
where : R" — R" is defined by applying 0 to the variables x,,...,X;_1, Xj 115+ -+Xp
and leaving x, fixed.

PrOOF. In light of the introduction to this section only (3) requires proof. Let 8 be
the rotation of Theorem 5.2. Statement (3) follows provided T is not contained in
Z = g*(R""1). Suppose that S were tangent to Z at the origin. Let r > 0 be such
that S N ((T N U0, r)] X T*) is the graph of a C'* function on T N U(0, r). A
standard barrier argument ensures that S lies entirely in R*~! X (R*U{0}) X R" ¥
and precludes the possibility that S is tangent to Z at any point in the interior of S.
Let p be a point in T and T N B(p, s) be a disc in T such that T N dB(p, s)
intersects B only at the origin where it is tangent to B. Then the support of
A[S*.(T N B(p, s)) X T*]is a (k — 1)-dimensional surface lying wholly to one side
of T except at the origin where it is tangent to 7. Thus we choose a C*
(k — 1)-dimensional manifold N in (T N 9B( p, s)) X T+ which lies between T N
0B( p, s) and spt 3[S*L(T N B( p, s)) X T*] and which is tangent to T at the origin.
Solving a Dirichlet problem, we find a minimal surface M spanning N. Again, a
barrier argument shows that M ~ {0} C (T N B(p, s)) X T* lies strictly between
T N B(p, s) and spt(S*L(T N B(p, s)) X T*). M is necessarily tangent to T at the
origin. By [13, Theorem 2], this is impossible.

5.5. C>* regularity of S and B. We restrict to the case where S has codimension
one in R”,

THEOREM. Let S, B C R*™! be solutions to our variational problem. Suppose that
0<a<1/2, 0B~ spt}(F), O Y(#*"1LB,0)=1 and OK(H#*.S,0)=1/2.
Then S N (UX(0, R) X R) is a C** manifold with C** boundary B N (U*(0, R) X R)
for some R > 0.

NotaTION. The ambient space will be considered as R**! = R* X R and the
points of R will be denoted by (x,t) = (x,...,x,_,, ). Differentiation with
respect to x; will be D;. The partial with respect to ¢ will be written D, or D, as
convenient. We define p, and p, to be projections of R**! onto the first k
coordinates and the last coordinate, respectively, while p¥ and p} will be the
associated orthogonal injections. R, ¢ and U are as in (3) in the corollary of §5.4,

==U%0,R)N{(x,t):t>0} and U=Z2=n{(x,t):t=0)}.

Derivation of the differential equation. Given any §: R > R of class one with
support in U4(0, R) we define

h(s,z) =z +s[p3o6°p](2)
whenever z € R**! and —¢ < s < ¢, some small positive e. We let & (1) = h(s, 1)
and detine J: (-¢, €) = R by
J(s)=#*(h,(¥(S)NZXR))+c#*h(y(B)NZ xXR)).
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That is,

« 1,2
1+ 2|Dju(x,t)+sDj0(x,t)|2) d#*(x,t)
=1

j=

J(s) =j;

t+ef
1%

By the minimizing properties of S and B, J has a minimum at s = 0. Thus,
-1/2
Du(x,t)-D,0(x,t)dL*(x,1)

he1 1,2
1+ ) |Du(x,0) +sDj0(x,0)|2) dL* 1x.

Jj=1

u)0=Lé

k
1+ Y |Du(x,1)]?
j=1

1,2
D;u(x,0) - D,6(x,0) dL* 'x.

k—1
+c/ Yy
Ui=1

k—1
1+ Y |D;u(x,0)|?
j=1

This equation may be split into an interior equation and a boundary condition as
follows. Consider functions §: R > R with support in U*(0, R) of the form
0(x, t) = p(t)p(x), where p: R > R and ¢: R*~! - R are of class one. For such 6,
equation (1) becomes

-12

k-1
@ o=[ X Du(x,1) - D (x)p(r) d*(x, 1)

“

k-1 k—1 -2
+cf Yy (1 + Y |Dju(x,0)|2) D;u(x,0) - D,¢(x)p(0) dL* 'x.
Ui=1 j=1

k
1+ Y [Du(x, 1)
j=1

-1/2

Diu(x,1) - p'(1)9(x) dL*(x, 1)

k
1+ Y |Dju(x, 1)|?
j=1

The interior equation is obtained by considering functions p which vanish at ¢ = 0.
The boundary condition arises by first letting p,(z) be a smooth function such that
p.(0)=1, p(t) =0 if t > 2¢, and p’(¢) < 1/¢ for all + whenever ¢ > 0 and then
taking the limit as ¢ approaches zero. This yields the equation

k

M o-[%

i=1

k -1/2
1+ Z|Dju(x,t)|2) Du(x,t)-D,8(x,t)dL*(x,1)

Jj=1

whenever 6 has support in = ~ {(x, t): ¢ = 0}, and the boundary condition
-1,2

k-1 k-1
(BC) 0= c/U Y (1 + Y |1Dju(x,0)| Du(x,0) - D,¢p(x)dL* 'x
i=1 j=1

-1,2

k
+f (1 + ) |Du(x,0)|? D,u(x,0) - ¢(x) dL* x
U j=1

whenever ¢ has support in U¥1(0, R).
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Second partials in the x variables. We fix i, 1 < i < k — 1, and show that D,Du
exists and is Holder continuous. Choose { = (1, 0), where v is a unit (k — 1)-vector
parallel to the x-axis in R*~1. For each 4 > 0 define the difference quotient

ul(x,t) =hu((x, 1) + h¢) —u(x,1)].
The proof will proceed as follows. A device of Lichtenstein yields a linear elliptic
system of an equation and a complementing boundary condition which u” satisfies.
Applying a Schauder estimate of [2] we obtain a bound on the derivative and Holder
constant of u” which is independent of 4. An equicontinuity argument then implies
the existence and Holder continuity of D;Du on U.

Equations for u”. The device of Lichtenstein is applied to the interior equation as
follows. Whenever 0 < s < 1, define

A(s)=f2 é

Noting that A(0) is the right-hand side of (I) above and A(1) is the right-hand side of
equation (I) with 8 replaced by 8(x, ) = 8(x — hy, t) we arrive at the equations

(Ih) 0 =f01A'(s) ds,

-1/2
(D,-u + shDu") - D,0 d.£*.

k
1+ Y |D;u + shDju"|2
j=1

-1,2

k 1 k
0=f2 Z(fo 1+i§1|Dju+shDju"|2 ds

Jj=1

Du"- D, d£*

k ) k -3/2
_f y ([ (1 + Y |Du +shD,u"|2)
2ij=1\"0 ]

i,j= =1

X(Du + shDiu”)(Dju + shDju") ds) Du"-D,od&*

whenever 8: £ — R has support in the interior of 2. With the integrals with respect
to s as coefficients, equation (I-h) is a linear equation of u”. When one applies this
procedure to the boundary condition for u, one obtains the following linear
boundary condition for u”.

(BC-h)

O=cfulf§(‘/:

k-1 172
1+ Y |Du(x,0) +shDju"(x,0)|2) ds)
j=1

X Du"(x,0) - D;p(x) d&L* x

k-1 -32
1+ Y |Du(x,0) + shD,u"(x,O)|2)
Ui j=1 1=1

k-1 1
% ( i
X (D;u(x,0) + shDu"(x,0))(D,u(x,0) + shDu*(x,0)) ds)

XDu"(x,0) - D,¢p(x) d¥L* 'x

(continues)
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i

K
1+ Y |D;u(x,0) + shDju"()c,O)|2
j=1

-1/2
ds)

XD, u"(x,0) - ¢(x)dL* x

B _3,2
1+ ) |Du(x,0) + shDju"(x,O)lz)

Jj=1

SLE

X ( Dyu(x,0) + shD,u"(x,0))( D,u(x,0) + shD,u"(x,0)) ds)

‘XDu"(x,0) - ¢(x)dL* x.

The Schauder estimate. We apply the Schauder estimate of [2, Theorem 9.1] to
equations (I-h) and (BC-h). The interior equation is uniformly elliptic. This follows
from the ellipticity of the area integrand (see [8, 5.2.17, 5.2.23 and 5.2.15]) and from
the fact that we may bound the coefficients (see below). In fact, we may bound the
coefficients independent of A, provided & < 1.

Let L’(P,d) and B’(P, d) denote differential operators associated with the terms
of the interior and boundary equations of highest order. The supplementary condi-
tion follows by direct computation when k = 2 and from the ellipticity when k& > 2.

Next (BC-h) satisfies the complementing boundary condition. Indeed fix P € U.
Let e’ denote the interior unit normal to 2. Fix £ # 0, tangent to 0= at P. The
polynomial L'(P, £ + 7e,) is a quadratic polynomial having precisely one root with
positive imaginary part. Call this root 7,. Thus M*(P,§,7) =1 — 7, is a linear
polynomial. Then B( P, £ + 7e,) is a constant, call it A, since B has no derivatives of
order two in ¢. Furthermore A is nonzero since to highest order, the boundary
equation agrees with the minimal surface equation which is elliptic. When
B'(P, &£ + Te,) is divided by M*(P, &, 7) the remainder is this same nonzero con-
stant. Furthermore, by the bounds on the coefficients of (BC-h) found in the next
paragraph, A is independent of 4 provided & < 1.

Now we verify that the coefficients of (I-h) and (BC-h) are bounded independent
of h at least if we restrict to h’s less than one. Since

. )12
1+ ) |Dju(x, 1) + shDu"(x, t)l
j=1

does not exceed one for any s or A, it will suffice to fix j, 1 <j < k, and bound
|D;u(x, t) + shDju"(x, 1)]. We recall that u is C"* and let X denote the Holder
constant of D;u. This combined with the definition of u” implies

|Dju(x,t) + shDu"(x, )] < K|(x,1)|* + sK|(x, 1) + h§|*
+sK|(x, t)|* +(1 + 25)|D,u(0,0)].

The bound on |D;u(x, t) + shDju"(x, t)| now follows since |(x, ¢)| < R, [{| = 1 and
h < 1. A similar argument bounds the coefficients of (BC-h).
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Finally, we show the existence of a constant which bounds the Holder constants of
the coefficients of (I-h) and (BC-h). Note that since each D;u is C%* 50 is each
coefficient. Again we consider only those 4’s which are less than one so that the
Holder constants of the coefficients may be bounded independent of 4.

Let P, Q € £, and compute
-1/2

-1/2 k
_(1 + Y |Du(Q) + shD,-u"(Q)l2
j=1

J

k
(1 + Y |Du(P) + shDu"(P)|?
j=1

X 1,2

k 1/2
< (1 + Z|Dju(Q)+shDju"(Q)|2) —(1 + Z |D,u(P) + shDu"(P)|?

J= Jj=1

k
< (1 + 3 1Du(Q) + shDut(Q)[?

Jj=1

k
_(1 + T 1Du(Q) + shDu(P)P
j=1

Let E be the supremum over j =1, 2,...,k of the bounds on the |D;((x, 1)) +
shD;u"((x, t))| computed above. Since a*> — b*> < 2 sup{a, b}(a — b) and |a| — |b|
< |a — b|, we have, for each j,
|D;u(Q) + shDu"(Q)|*> — |Dju(P) + shDu"(P)|?
< 2E(|1Du(Q) — D,(P)| + sh|Du*(Q) — Du"(P)))
< 2E(1Du(Q) — D,(P)| + s|Dju(Q + h¢) — Du(P + he)))
<2E(1 + s)K|Q — P
Thus,

-1,2

P -1/2
1+ 3 |Du(Q) + shD,u"(Q)lz)

Jj=1

k
(1 + Y. |Du(P) + shDu"(P)|?
j=1

< 2kEK(1 + 5)|Q — P|°.

Taking the integral with respect to s gives a Holder constant for the coefficient
which depends only on k, E and K. A similar computation applies to the other
coefficients.

Thus by [2, Theorem 9.1] there is a constant C, independent of 4 such that

sup{dplDu"(P)lz Pe 2}
+sup{dL**|Du*(P) — Dut(Q)|/|P — Q|*: 4P — Q| < dpd, )

does not exceed C,. Let R, = 47'R. Also there is a constant C, independent of &
such that

|Du*(P)| +(1Du"(P) — Du"(Q)|/IP - Q|7) < G,
for all Pand Q in = N UX(O, R,).
Convergence of sequences of u"’s. Suppose we have a sequence of g = u" on
2 N UX0, R,) where 0 < h ;<1 for all j and h; approaches zero as j approaches
infinity. By the computations above, both Dg; and the Holder constant of Dg; are
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bounded independent of j. Furthermore, if T is the real-valued function defined by
T(¢) = 1l dL*
(¢) = lim L

whenever ¢: £ N UX(0, R,) » R is C* with compact support, where the integral is
over = N UX(0, R,), then T is continuous and linear. Thus by [8, 5.2.2], the sequence
g, converges uniformly to a function g which is continuous and has a Holder
constant of exponent a which does not exceed C,. This g is D, Du.

Second partials in the t variable. We will use equation (2) to see that D,u(x, t)
equals a function which is C** in ¢ for |¢| sufficiently small. Since all second partials
of u which involve at most one derivative in the ¢ variable exist, we may integrate by
parts in the first and third terms, use Fubini’s Theorem [8, 2.6.2], and then integrate
by parts with respect to ¢ in the inner integral of the first term to rewrite equation (2)
as

1

o[0T

k

12
Du(x,s)|1+ Y |Du(x, s)|2) ) dsp’(t) dt

i=1 Jj=1

P 1,2
+f Du(x,t)[1+ Y |Dju(x,t)|2) p'(1) dt‘qb(x) dL* x
t>0 j=1
k—1 k-1 -172
+cf Y. D,| Du(x,0)[1 + ¥ |Dju(x,0)|2) )p(O)qb(x) d¥* x.
Ui=1 j=1

This equation is valid for all smooth ¢ and p with compact supports in U and
R*U{0}. In particular, if p(0) = 0, the third term drops out. Thus for £*~! almost
all x in U, the expression in the square brackets is zero. Since all the partials of u
appearing in the expression are continuous in x, this expression is zero for all x in U.
By the constancy theorem (see [1, 3.27]), for each x there is a constant C, such that

x “12
D, u(x, t)(l + 2 |Dju(x,t)|2)
j=1
k-1
= ‘f Z D,
0 =1

. 1,2
Du(x, s)(l + ) |Du(x. s)|2) ds + C,
j=1

for almost all ¢ > 0. Again, by continuity, the equation is valid for all ¢ > 0.

Since the integrand is C* in S, the right-hand side of this equation is C* in ¢ for
each x. Furthermore, all terms appearing on the left besides D, u(x, t) are known to
be C»* in t. The right-hand side does not equal one for any x and ¢. Solving for
D,u(x,t) we see that D,u(x, t) is equal to a function which is C'* in ¢ for |¢|
sufficiently small.

Thus uis C*>*in = N UX(0, R,) for some R, > 0.

5.6. Analyticity of S and B. Continuing to restrict to the case where S has
codimension one, we now prove our final regularity result.
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THEOREM. Let S, B C R”" be solutions to our variational problem. Suppose 0 € B ~
spt2(F), @~ Y(s#*~1LB,0) =1 and O%(H#*LS,0) = 1/2. Then S N (U0, R) X R)
is a real analytic manifold with real analytic boundary B N (U*(0, R) X R) for some
R > 0.

PrOOF. The function u of the last section is seen to be analytic at the origin by
applying a theorem of Morrey [12, 6.8.2] to equations (I) and (BC). (I) is verified to
be elliptic and the system is verified to satisfy the complementary boundary
condition with weights 0, 2 and 0 by a computation nearly identical to those of the
previous section.

6. Size of the possible singular set. Returning to arbitrary codimension we now
show that the set of points on B which do not satisfy our density hypotheses has
Hausdorff dimension at most k — 2. We prove a theorem for k-dimensional rectifia-
ble currents in R” that when applied to S* yields conclusion (3) of our Main
Theorem.

Whenever Q € %, (R"), we define

©(Q) = [{x: ©*(llgl, x) > 1/2} U {x: @*71(3Q], x) > 1}] N spt(3Q).

THEOREM. If 1 < k < n, T € #,(R") and T is area minimizing modulo two, then
H"(w(T)) = 0 whenever m > sup{0, k — 2}.

PrOOF. We use induction with respect to k. The theorem is known to be true for
k=1[7,p.771].

Assume the theorem is true with k replaced by k — 1. Suppose, however, that
for T and k as in the statement of the theorem 5#"(w(T)) > 0 for some m >
sup{0, k — 2}.

Step 1. Whenever 0 < m and 4 C R", we define

o7 (4) = inf{ Y. a(m)2-™(diam B)": G is a countable open covering ofA}.
BeG
The definition of Hausdorff measure implies that
¢7(A) =0 ifandonlyif #™(A4)=0,

and [8, 2.10.19(2)] implies that ©*”(¢ZL A) > 2™ for # ™ almost all x in 4.

Step 2. We choose a € w(T') such that @*"(¢2Lw(T), a) > 0. Let d > 0 be such
that @*"(¢ZLw(T), a) > 2"d > 0.

Step 3. Construct a sequence similar to [8, pp. 624-625] of B; approaching infinity
such that '

9n[w(T) N B(a, ') > 27dB"a( M)
and such that a subsequence of Q; = ((B;)° 7(-a)).T converges to Q, an oriented

tangent cone. It is easy to verify that Q is area minimizing modulo two. As in [7,
Lemma 1]

¢n[w(Q) N B(0,1)] > limsup ¢ [w(Q) N B(0,1)] > 2"da(m).

i— 00

Thus #™"(w(Q)) > 0.
Step 4. From here proceed as in [7, Theorem 1] using our induction assumption.
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