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FREE BOUNDARY REGULARITY FOR SURFACES

MINIMIZING Area( 5) + cArea(35)

BY

EDITH A. COOK

Abstract. In R", fix a hyperplane Z and a (k - l)-dimensional surface F lying to

one side of Z with boundary in Z. We prove the existence of S and B minimizing

Area(S) + cArea(ß) among all A-dimensional S having boundary F U B, where B

is a free boundary constrained to lie in Z. We prove that except possibly on a set of

Hausdorff dimension k - 2, S is locally a C1 •" manifold with Cla boundary B for

0 < a < 1/2. If k = n - 1, Cla is replaced by real analytic.

1. Introduction. This paper establishes the existence and analyticity at the free

boundary of surfaces which solve a variational problem where a weighted average of

the area of the surface and the area of the boundary is minimized.

Our variational problem is described as follows: We fix a positive real number c

and let k and n be integers such that 2 < k < n. In the ambient space R" = R*_1 X

R X R*~* we fix a hyperplane Z = R* * X {0} X R""* and a (Jt - l)-dimensional

surface F of finite area whose nonempty boundary is contained in Z. We consider

/c-dimensional surfaces S having a boundary which is the union of F and a

(k - l)-dimensional surface B, where B is a free boundary constrained to lie in Z.

For such S and B we measure the quantity

Area(S) + cArea(£).

A solution to our problem would be a pair S and B, for which this quantity assumes

its minimum value.

We establish the existence of a solution in a measure theoretic sense. For such a

solution, we prove there exists a set whose w-dimensional Hausdorff measure is zero

whenever m exceeds k — 2 such that if p is a point of the free boundary B in the

complement of this set, the following two statements hold.

(1) There exists an open ball about p in which S is a C1,a manifold with Cla

boundary B, whenever 0 < a < 1/2.

(2) // the codimension of S in n-space is one, then near p, S is an analytic manifold

with analytic boundary B.

Using a hodograph transformation similar to that used in [10] our proof extends

to the case where Z is a real analytic graph over R*_1 X {0} X R"~*.
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504 E. A. COOK

This problem bears some similarity to free boundary problems considered by

J. C. C. Nitsche, S. Hildebrant [9], R. Courant, H. Lewy, W. Jäger and others. These

problems typically start with a fixed curve in R3 having its endpoints in a two-

dimensional surface Z and consider two-dimensional surfaces S which are bounded

by F and Z and minimize area subject to that constraint. The solutions minimize

area alone. In our problem, a solution S minimizes area on its interior and along the

fixed boundary. At the free boundary, however, both the surface S and the free

boundary B attempt to minimize their own areas simultaneously. It is this interplay

which is for us at the same time both a source of difficulty and an advantage.

This work was begun as a doctoral dissertation at the University of Rochester

under the direction of Jon T. Pitts. The author gratefully acknowledges the benefit of

many discussions with Fredrick J. Almgren, Jr. An American Association of

University Women Fellowship provided partial finanical support for this work.

2. The main result. We follow the standardized terminology of geometric measure

theory found in [8 and 4].

For m > 1, Um(>p, r) and Bm(p, r) will denote, respectively, the open and closed

balls with radius r and center p. When referring to a ball in our ambient space R",

we will often suppress the n and write U(p, r) or B(p, r).

Main Theorem. Suppose k and n are integers, 2 < k < n, and c is a positive real

number. Suppose F G \\_x{fBC), F has finite mass, 0 # spt2(3F) c R*1 X {0} X

R"~k and spt2(F) ~ spt2(3F) c R*"1 x {0} X R"~*. Then the following conclusions

hold:

Existence. Among all SB G I2_j(R") with support in RA1 X {0} X R"~* and d@ =

-3F, and ¿fa I^(R") with d£r°= âiï + F, there exists a pair à?, Sf which minimizes

M2(y) + cM2(&).

Regularity. Let B = spt2(F + 3S) ~ spt2(F) and S = s\ot2(£f).

(1) Suppose p g B such that ekl(jekliB, p) = 1. Then whenever 0 < a < 1/2

there exists r > 0 such that S (~) U(p, r) is a Cla manifold with Cla boundary

B n U(p,r).

(2) Suppose p G B such that @kl(jekï\.B, p) = 1 and @k(jekiS, p) = 1/2. In

case n = k + 1, whenever 0 < a < 1/2 there exists an r > 0 such that S C\ U(p, r) is

a C2° manifold with C2a boundary B n U(p, r).

(3) In case n = k + 1, if p is as in (2), then there exists an r > 0 such that

S C\ U(p, r) is a real analytic manifold with real analytic boundary B C\ U(p, r).

(4) Let J be the set of points in B which do not satisfy the density hypotheses of (2).

ThenJek~2 + e(J) = 0 for every e > 0.

We anticipate the extension of (2) and (3) to higher codimension. The restriction is

due to the limitations of the Schauder estimate used in proving C2<" regularity. An

extension of this estimate to systems of partial differential equations and boundary

conditions like the unpublished extension mentioned in [10] should be applicable

here.
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Using a hodograph transformation our proof extends to the case where the free

boundary is constrained to lie in the graph of a real analytic function over

R*"1 X {0} X R"-*.

Throughout this paper, we fix k, n and c as in the statement of the Main Theorem.

We also will continue to use the notation á?, if for a flat chain modulo two solution

and B, S for a set representation of the solution. Considering R" as Rk ~ ' X R X R" " k,

we fix the hyperplane Z = R*"1 X {0} X R"~k. The orthogonal projection q: R" ->

R"_1 will be defined by q(xx,...,xn) = (xx,...,xk_x, xk + x,...,xn) and q*: R""1 -*

R" will be the corresponding orthogonal injection whose image is Z.

3. Existence. The proof of existence is a standard argument in which the

compactness theorem [8, 4.2.26, (4.2.17)"] is applied to a sequence (SS¡, ¿f¡) in

I2_X(R") X I2(R") such that for each i, spt2(^,) c Z, 3J1, - -3F, 3^ = 38,. + F

and M2(Sfii) + cM2(f,) decreases to the finite number

inf{M2(y) + cM2(38): spt2(^) a Z,d@= -dF, d^= 38 + F).

Note that solutions Sf and 38 satisfy the following minimizing properties.

(1) M2(2>) + cM2(38) < M2(T) + cM2(Q) whenever T G I2(R") and Q G

IJt_x(R") such that spt Q a Z, dQ - -3Fand dT = Q + F.
(2) M2(y) < M2(T) whenever T g I2(R") and 37 = 38 + F.

4. Other representations of the solution. For later convenience in the proof of

regularity, we associate with y and 38 currents and varifolds as follows.

Currents. By the definition of I*(R") and I^_j(R") there exist S* g 3rk(R") and

B* g 3?k_x(R") such that (S*)2 = ^and (B*)2 = 38. We may assume that both S*

and B* are representative modulo two [8, 4.2.26, p. 430], i.e. \\S*\\^Jifk and

||.B*|| < JT*~\ or equivalently 0*(||S*||, x) < 1 and <dk-\\\B*\\, x) < 1 for JÉ** and

Jf k~l almost all x, respectively.

By [8, 4.1.28 and 4.2.26, pp. 427, 430], these currents satisfy the following

properties.

(1)(35*)2 = d(S*)2 = 3S+ F.

(2) 0*(||S*||, x) = 1 for ||5*|| almost all x.

(3) \\S*\\ = \\S*\\2 = \\<f\\2 = Jt"kL{x: &k(\\S*\\, x) = 1}.

(4) spt||5*|| = spt2(y).

Analogous statements hold for B*.

The minimizing properties of if and dimply the following minimizing properties

of S* and B*.

(5) If T g 9tk(R") and Q g 3tk_x(R") such that ((T)2 - y)i_(R" ~ U) = 0 and

((C)2 - ^)l(R" ~ U) = 0 for some open set U disjoint from spt2(F), then M(S*)

+ cM(B*) < M2(7) + cM2(Q).

(6) S* is area minimizing modulo two.

(7) M(S*) < M(T) whenever T g 3ïk(R") with 37f = dS*.

This last property yields

(8) ||5*|1 = ^LsptllSl = yekv.S, and
(9)||5*|| =^"c-1Lspt||ß*|| =Jfk-\B.
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Proof of (8). By [8, 5.1.6], there exists t > 0 such that 0A(||5*||, a) > t and

Tan*(||S*||, a) = Tan(spt S*, a) whenever a g spt||5*|| ~ spt dS*. We now argue

that spt||5*|| is (Jfk, Ä:)-rectifiable. By [8, 3.3.13], spt||S*|| = W U Q, where Q is

(3ffk, k)-rectifiable and Jf * measurable, Q n W is empty and W is purely

(Jfk, Â:)-unrectifiable. Suppose x g spt||S*(| such that <àk(3i°k\.Q, x) = 0,

@k(Ji?kLW, x) = b > 0 and such that Tan*(||S*||, x) is in G(n, k). Since the projec-

tion of W onto almost all members of G(n, k) has measure zero, one may use the

projection of spt||5*|| onto Tan*(||S*||, x) or onto a rotation of this &-plane through

a small angle, to construct a comparison current of less mass than S*, a contradic-

tion.

Now suppose D a spt||S*||. Let {F,} be a decreasing sequence of open sets each

of which contain D with limit D. By [8, 2.10.19(3)],

||S*||(Z>) = lim\\S*\\(V,)>t¿fk(D),
i-* 00

where y* is ^-dimensional spherical measure. Therefore, by [8, 2.10.2], tJ(?k(D) <

tifk(D) < ||S*||(.D). Combining this with the previous properties, we obtain (8). (9)

is proved by a similar argument.

Varifolds. We define varifolds v(S) g J^(R") and v(B) g Vk_x(R") by

v(S)(A)=Jfkisn{x: (x,Tan*(jr*LS,x)) a A})

whenever .4 c R" X G(n, k) and

viB)iA)=Jr*k-1(BC\{x: ix,TankliJfrk-lLB,x)) € A))

whenever .4 c R" x G(n, k - 1).

It is easily verified that \\v(S)\\ = \\^\\2 and ||ü(5)|| = \\38\\2.

5. Regularity.

5.1. Outline of the proof. We focus our attention on a point p in B n 5 with

p = dist(/7,spt2(F)) > 0. By translation we may assume that p is the origin. The

proof of regularity is in three parts. (1) First, we assume <dk~l(J(?k~lLB,0) = 1 and

use the (M, e, 8)-minimality of B and a regularity theorem of F. J. Almgren to show

that locally B is the graph of a Cla function provided 0 < a < 1/2. (2) We then

assume in addition that ®k(JifkLS, 0) = \. After developing the structure of S as a

varifold, we use this structure to prove 5 is a C1" manifold with Cla boundary in a

neighborhood of the origin whenever 0 < a < 1/2. (3) Restricting to the case when

S has codimension one, we express S locally as the graph of a function over a

^-dimensional half-plane. The minimizing properties of the surface and boundary

imply that this function satisfies an elliptic partial differential equation and comple-

menting boundary condition. A standard difference quotient argument and Schauder

estimate implies the local C2'" regularity of S and B. A regularity theorem of Morrey

then allows us to conclude that the surface and boundary are analytic near the

origin.

In §6, we return to arbitrary codimension and estimate the size of the set of points

in B where our density hypotheses fail.

5.2. Cla regularity of B. In this section we consider B as a (k - l)-dimensional

subset of R""1.
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Theorem. Suppose 0 < a < 1/2, B a R"~l is the free boundary of a solution to our

variational problem, 0 g B ~ spt2(F) and @k~\jfk~lLB,0) = 1. Then there exists

anR,0 < R < dist(0,spt2(F)), and a rotation 6 ofR"'1 such that 0(B n U"-\0, R))

is the graph of a C1,a function f:U—y R"~k, where U is an open connected subset of

Uk~l(0, R) containing the origin ofRk~1.

Proof. Let 5 be a small positive number such that

0 < 8 < min( ck/4,p = dist(0,spt2(F))}.

Define ¿: R + -» R+ by |(f) = (8/ck)t. This function is nondecreasing and ap-

proaches zero as t approaches zero from the positive side.

We shall show that B C\ Unl(0, r) is (M, £, S)-minimal with respect to R"_1 ~

U"~l(0, r) for any r satisfying 0 < r < dist(0,spt2(F)) = p (see Almgren [6, III.l

and II.1]), and then apply Almgren's regularity theorem for (M, £, 5)-minimal sets

(see [6, IV.13(5)]).

Fix such an r. The only condition of (M, £, o)-minimality which is non trivial to

verify is that

jek~\B n w) < (l + £(t))jirkl(<j>(B n w))

whenever <t>: R" l -+ R" ' is a Lipschitz map with W = R" l n {z: <p(z) # z),

t = diam(PF n <¡>(W)) < 8, and dist(W U 4>(W), R" ! ~ U"-\0, r)) > 0. This fol-

lows from the minimizing property of B and S. Indeed, fix b g W U 4>(W). Then

W u <t>(W) a B"~\b,2t). For some e > 1, define h: (-e, e) X R"1 -* R"1 by

h(s, x) = (1 - s)b + sx. By the minimizing property of S* and B*,

M(S*) + cM(B*) < M(S* + A#([0,1] x(<p#(B*) - B*))) + cM(<¡,#(B*)).

Applying formulas of Fédérer [8, 4.1.9 and 1.7.5], we obtain the following inequali-

ties:

cM(B*lW) + cM^LÍR""1 - W)) = cM(B*)

< M(h#([0,l] x(<b#(B*) - B*))) + cM(<l>#(B*))

< / Ax - b\sk~ldsd\\<t>#(B*) - B*\\x + cM(4>#(B*))

< (2t/k)M(d>#(B*) -B*) + cM(<f>#(5*))

< (2t/k)M(<p#(B*LW)) +(wt/k)M(B*iW)

+ cM(5*l(R""1 ~ W)) + cM(c¡>#(B*lW)).

Rearranging terms and noting that t < ck/4, we obtain

M(B*iW) < (1 + 4t/(ck - 2t))M(<p#(B*iW))

<([IL+^r))'jr*^C4(B*L>F)):

The relationship of B and B* yields the desired inequality.

We are now in a position to apply Almgren's regularity theorem. By hypothesis,

Qk~l(jifk-1iB,0) = 1. It is a consequence of (M, |, ô)-minimality (see Taylor [14,

II.2]) that Tank-1(J^k~1\.B n U(0, p/2),0) is an area minimizing cone. The density
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hypothesis, together with Federer [8, 5.4.7], implies this cone is an element of

Gin - 1, k - 1). For an appropriate rotation 6 of R" \ B0 = 6(B n Un~liO, p/2))

has Rk'x X {0} as its tangent space. B0 is (M, |, ô)-minimal with respect to

R«-i ~ (7"_1(0, p/2). Direct computation yields

/V1+«>¿(o1/2¿/<oo
•'o

when 0 < a < 1/2. Let s be the constant s of [6, IV.8]. It is easily verified that there

exists a small positive r as required in [6, IV.13(5)] so that Almgren's theorem implies

the existence of a Cla function

f: Bk~liO, sr/2) -^R"~k

such that

graph(/) = 0(#n U"'1^, p/2)) n[Bk~liO, sr/2) XR"~»].

Let3i= min {p/2, sr/2).

5.3. Varifold structure of S. We now prove some variational inequalities, monoton-

icity results and density results for the varifold v(S). These results will be needed to

prove Cla regularity of the surface S at the free boundary for 0 < a < 1/2.

Important Remark. While the propositions in this section are stated for v(S) the

reader will note that the results depend only on the fact that v(S) is associated with

a rectifiable current S* for which the following properties hold:

(1)5* is representative modulo two.

(2) ForO < R < p = dist(0,spt2(F)),

M2(S*Lt/(0, R)) + cM2(35*l/7(0, R)) < M2(Tlî/(0, R)) + cM2(3Tlî/(0, R))

whenever S* and T agree on the complement of U(0, R ).

(2') In particular,

M2(S*Lt/(0, R)) ^ M2(Flí/(0, R))

whenever S* and F agree on the complement of U(0, R) and dS* = 37f

(3) There exists an R > 0 such that (spt dS*) n Í7(0, R) is a (k — l)-dimensional

C1'" manifold of R".

The proof of Theorem 5.4 will draw on this remark.

5.3.1. Variational properties. Let U be an open subset of R" which is disjoint from

spt2(F). Suppose g: R" -* R" is a smooth vector field with support in U such that

g(Z) a Z. For some e > 0, let h: (-e, e) X R" -> R" be a smooth map such that

h(0, x) = x, g(x) = (d/dt)\l=0(h(t, x)) for all x g R", and {x: h(t, x) # x for

some t in (-e, e)} has compact closure in R". For each t in (-e, e), let ht: R" —> R" be

defined by ht(x) = h(t, x). This deformation may be used in two ways to construct

comparison surfaces to S*, B*.

First, S*, B* may be compared to ht#(S*), h#(B*). Define the function

/: (-e, e) -+ R by

Fit) = \\hl#viS)\\iU) + cM2ihl#B*).
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By the minimality properties of S* and B*, F assumes its minimum when t is zero.

Differentiating F yields the following result.

Proposition 1. If g: R" -» R" is a smooth vector field with support disjoint from

spt2(F) such that g(Z) a Z, then

0 - 8iviS))ig) + cid/dt)\,=0M2iht#B*).

This has an immediate corollary.

Corollary 2. Let U be an open subset ofR" which is disjoint from spt2(F). Then

v(S) is stationary in U ~ B.

Second, with g and h as before and e > 1, S*, B* may also be compared with the

pair A,#(S*) + A#([0, r] X B*), B*. Define/: (0, e) -> R by

f(t) = ||Ai#l;(S)||(RB) + M(A#([0, t] X B*)).

The minimality of S*, B* implies that for t in (0, e),

f{t) > M2(A,#S*) + M2(A#([0, t] X B*))

>M2ihl#S* + hl4ti[0,t]xB*))

> M2(S*)=/(0).

Thus the derivative on the right of/at zero is positive and

0 < fi(«(S))(g) +(d/dOL0M(A#([0, t] X B*)).

Furthermore, using [8, 4.1.9, 4.1.28(5), 1.7.5 and 1.7.6] and the definition of h, we

compute that

id/dt)\l=oMih#i\0,t]xB*))

= J\id/dt)\,_0h,ix) A(Tx,Ak_xDh0ix))\d\\B*\\x

</|g(x)A(i;,A,_1lR„>|i/p*||x

^ f\gix)\d\\B*\\x.

Therefore,

0 ^ 8iviS))ig) + f\gix)\d\\B*\\x.

Combining this with a similar computation for -g yields two results.

Proposition 3. If g is a smooth vector field on R" with support in R" ~ spt2(F),

then

\8iviS))ig)\^f\gix)\d\\B*\\x.

Corollary 4.\\8(v(S))\\is a Radon measure on R" ~ spt2(F).
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5.3.2. Monotonicity. Next we prove an isoperimetric type inequality and a monoton-

icity result for v(S) at points on the free boundary.

Proposition 1. If 0 a B, @k-l(Jifk-liB,0) = 1, R > 0 and B n ¡7(0, R) is the

graph of a C1,a function f: Tan(B,0) -» Tan(ß,O)-1, íAew ¿Aere w a« î such that

whenever b g í/(0, R - S) D B,

\\uiS)\\Uib,r)> [y(d+l)k]-krk,

where y is the isoperimetric constant o/[8, 4.2.10] and d is a constant depending on n, k

and the Holder constant of Df.

Proof. It is convenient to prove this proposition for \\S*\\ which is equal to

IKS)I|.
As B n U(0, R) is the graph of a Cla function, there exists 0 < s < R and E such

that \\B*\\U(b, r) < Erk~1a(k - 1) for 0 < r < s and b in U(0, R - s). Fix b.

Define u: R" -* R by u(x) = \x - b\ and let (S*, u, r) denote the slice of S* on

the dB(b, r) (see [8, 4.2.1]). Also define m: (0, s) -+ R by m(r) = \\S*\\U(b, r).

By [8, 4.2.1],

(1) M((S*u, r» < m'(r).

Next we prove there is a if such that

(2) \\B*\\Uib,r)^dMi(S*,u,r))

whenever 0 < r < s. Let Y denote the tangent space to B at the origin. Y is the

image of R*"1 X {0} under a rotation 6 of R". Let r(b): R" -» R" be the translation

which takes b to the origin and pk_x: R" -» R^1 be defined by by pk_x(xx,...,xn)

= (x1,...,x^_1)-Now

o[rib)#{S\ u, r>] = d[rib)#iB*iUib, r))]

has support contained in {z: |F(z)| > r — ß} for some ß < Cr, where C depends on

the Holder constant of the derivative of the function /: Y -y Y of which B is the

graph. Thus (pk_x° 0~l °Y ° r(b))#{S*,u, r) is a top dimensional flat chain whose

boundary has support outside Uk~l(0, r - ß). By the constancy theorem [8, 4.1.7]

there exists a number a such that

spt((/',-1 • e~l o Y o T(b))#(S*, u, r) - aE"-lLUi0, r - ß))

is contained in R* ' ~ Uk~1(0, r - ß), where E*"1 is the flat chain associated with

R*^1. Combining this with our original assumption on ß, we obtain

M((S*. u, r» > Upipk_1 » e~l o y o rib))MiaEk-lLUk-1i0, r - ß))

> a(r - ß)k~1r-{k + 1)E^2'1\\B*\\Uib, r)

> 2"'(1 - C)k~laE-l\\B*\\U(b, r).

Letd= 2a-\\ ~ C)l'kE.
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Now we compute a lower bound for rkm(r). By the isoperimetric inequality [8,

4.2.10], there exists a constant y depending only on k and n such that

M(S*Lt/(A, r))0U%)/k < yMid[S*iUib, #■)])

< yM((S*, a, r)) + yMiB*LUib, r)).

Applying (1) and (2) and rearranging terms, one obtains

[yU+1)]"1*: [mir)](-k + l)/km'ir).

The proof is completed by integrating with respect to r and raising the result to the

k th power.

Proposition 2. IfO g B,@k-\Jírk-1LB,0) = I and R > 0 such that B n í/(0, R)

is the graph of a Cla function f: Tan(5,0) -> Tan(5,0)x , then there is an s and a

constant D, depending on k, n, and the Holder constant of Df such that

r-k\\viS)\\Uib, r)e\pia-lDra)

is a nondecreasing function of r for 0 < r < s whenever b G [7(0, R — s) n B.

Proof. Let S, E, and m be as in the proof of Proposition 1. For a fixed e > 1,

define A: (-e, e) X R" -* R" by h(t, x) = tx. Then whenever 0 < r < s,

S*\-iR" ~ i/(A,r)) + A#([0,l] x(S*,u,r)) +A#([0,1] x(5*l£(ô, r)))

has boundary 35* and agrees with S* outside U(b, r). Since S* is area minimizing,

mir) < M(A#([0,1] x(S*,u,r))) + M(A#([0,1] x(5*l5(A, /■)))).

Since  spt(S*, h, r) c 3/?(A, r),  the  first  term  on  the  right  does  not  exceed

(r/k)M((S*, u, /■)). We shall find a constant A such that the second term does not

exceed (l/k)Arl+a\\B*\\U(b, r). By (1) of the proof of Proposition 1, we would then

have

m(r) < (r/k)m'ir) + iA/k)rï+a\\B*\\U(b, r).

Multiplying by k[m(r)r}~1, applying Proposition 1 and recalling the original as-

sumption on r and í then yields

k/r < m'(r)/mir) + Dr"'1,

where D is a constant depending on k, n and the Holder constant of Df. Integrating

and rearranging terms we obtain

0 < (d/dr)iu(r-kmir)) + a~lDra).

From this the proposition easily follows.

We now return to find A. Recalling [8, 1.4.9 and 4.1.28(5)], we let Tx denote a

simple unit (k — l)-vector associated to the tangent space of B at x, and compute

M(A#([0,1] xB*iBib,r)))

< ( \\id/dt)h,ix) A (Tx, Ak_xDh,ix))\ d&ltd\\B*\\x
JU(b.r) J0

< f Ax A Tx\tk~ldXhd\\B*\\x
JU(b,r) J0

<il/k)[        \x A Tx\d\\B*\\x.

We will be done if we can find a constant A such that |x A Tx\ < A\x\x + a.
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Let pk_x: R" -? R*"1 and p„_k: R" -» R"~k denote projections onto the first

k — 1 coordinates and the last n - k coordinates, respectively. Let />*_,: R*1 -* R"

and p*_k: R"~k -> R" be the associated orthogonal injections onto R*"1 X {0} and

(0} X R"-*.

Each x in spt||5*|| n U(b, r) is of the form (y, f(y)) for some v. So

|x A Tx\ < |x A Tx\ ■ \\Ak-APt-i ° l*-i + /?„% « ¿>/(j>))ll

= K* /(j)) A fo, />?_, ° I*.! + />„*_, o £,/)

A ••• A (e*_1,/»î_1olt_1+/»*_jrt.iy(^))|

By definition [8, 1.7.5], this norm is equal to the square root of the sum of the

squares of the k X k subdeterminants of

'   Y fiy)    \

J.-i    iDfiy))T)'

Thus the form does not exceed the sum of the absolute values of k X k subdetermi-

nants. Each subdeterminant is in turn a sum of terms of the form/,(7) or eithery¡ or

fiiy) times a product of k - 1 derivatives DJj(y), where /= (/x,.. .,/„_*) and

y = iyi,.--,y¿-i)- We bound each of these terms. Let C be the Holder constant of

Df. Clearly \yf\ < | v| < |x|, and

\D,fjiy)\ < \Dfiy)\ *£ k1/2||Z>/( v)|| < n1/2C|xr.

To bound |/,( v)| we apply the mean-value theorem to find z on the line between the

origin and y such that/(7) = grad g,(z) ■ y. Thus

|/,( v)| < |grad/f(z)| Ivj < n^2C\z\«\y\ < «^C^r«.

Combining these inequalities and recalling that |x| < 1, we find that the absolute

value of no subdeterminant exceeds sup{«1/2C, nik~2)/2Ck-\ nk-2Ck}\x\l + a. It is

now easy to obtain a constant A depending on n, k and C such that

|x A Tx\ ■ \\k\ipt_[ o \k_x + p*_k o Dfiy))\\ < ^i|x|1 + a.

5.3.3. Density of v(S). If Í7 is an open subset of R" disjoint from spt2(F) U B,

then the interior monotonicity implies 0*(||i;(S)||, x) is real for each x in U.

Futhermore, since 0*(||u(S)||, x) = 1 for almost all x in U (see §4(2)) and v(S) is

stationary in [/ (see Corollary 2 in §5.3.1), the density 0*(||i;(S)||, •) is upper

semicontinuous on  U by [4, 8.6]. In particular, Qk(\\v(S)\\, x) ^ 1  for all x in

u n spt\\v(S)\\.
A similar upper semicontinuity result along the free boundary follows from our

boundary monotonicity result by an argument similar to that of [4, 5.4].

Proposition 1. Suppose 0 < a < 1/2 and U is an open subset of R" ~ spt2(F)

such that U n B is a Cla manifold. Then &k(\\v(S)\\, ■) is a real-valued upper

semicontinuous function on U O B.
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5.3.4. Varifold tangents to v(S).

Proposition 1. Suppose 0 g B n spt||i;(S)|| ~ spt2(F) such that

@k-1(jtrklt.B,0) = l    and   @k(JifkiS,0) = 1/2.

Then

(a) v(S) has a varifold tangent C at 0;

(b)Tan(5,0) G G(n, k - 1); and

(c) there is a unit vector u normal to Tan(B, 0) such that C is the varifold associated

to ( v + tu: y G Tan(5,0) and t > 0}.

Proof. Part (a) follows from [4, 3.4] since 0*(||t;(S)||,O) is finite. Part (b) is a

consequence of 5.4. It remains to prove part (c). Let ri be a sequence of positive

numbers which increases to infinity and let

C= limM(/-)#|HS)||,
/—* 00

where ju. (/•,.): R" -* R" is multiplication by r¡. Let a be between 0 and 1/2 and let U

be an open subset of R" ~ spt2(F) containing the origin such that U n B is a Cla

manifold. Since ||o(S)| is stationary in U ~ B, we apply [4, 4.11] to conclude that

||5(i;(S))||L(Rn ~ Tan(Ä.O)) = 0. Letting VbeC plus its reflection across Tan(fi,0),

the Reflection Principle [5, 3.2] implies V is stationary. By the interior semicontinu-

ity of the density of ||u(S)|| and [4, 5.3], there is a F in G(n, k) such that

V = 20/£(||C||,O)í;(F), where v(T) is the varifold associated with T. Hence C =

20*(||C||, 0)v(W), where W is a connected component of T - Tan(Ä, 0). Finally,

0*(||C||,O) = 1/2 by the hypotheses on the density of \\v(S)\\. Part (c) now follows

immediately.

Remark. By translation, this proposition holds for any b g B n spt||f(5)|| ~

spt2(F) satisfying the density hypotheses.

5.3.5. Other results. Let a be between 0 and 1/2. Let U be an open subset of

R" - spt2(F) such that U n B is a Cla manifold.

Applying [4, 5.4 and 8.6] to C g VarTan(i;(5'), b) plus its reflection across

Tan(B, b) one obtains the following.

Proposition 1. Qk(\\v(S)\\, b)> 1/2 whenever b a U n B n spt||i>(S)|| and
@kl(Jifk-1LB,b)= 1.

The argument of [5, 3.5(3)] directly implies

Proposition 2. There is a number ju > 1 with the property that if b g U n B n

spt||ü(S)||, &k-\jek-\B,b)=\ and 2@k(\\v(S)\\, b) < li, then there exists a

positive real number r such that B n U"(b, r) a spt||ü(5)||.

5.4. C1-" regularity of S. We now prove that the surface 5 is a C1" manifold with

boundary (0 < a < 1/2) in a neighborhood of any point on the free boundary B at

which the boundary has density one and the surface has density one-half. If we

assume that the origin is the point under consideration and for each positive r let

Li(r~l): R" -* R" be the homothety Li(r~l)(x) = r~lx, then the density hypotheses

imply that for small r, ||ju(r~1)#£>(S)||(l/(0,1)) is close to the mass of a Á:-dimen-

sional half-disc, and spt\\Li(r-1)#v(B)\\ n i/(0,1) is, by §5.2, the graph over Tan(£, 0)
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of a Cla function (0 < a < 1/2) and has area close to that of a (k - l)-dimensional

disc. The ri(r'1)#v(S) also maintains the minimizing properties of v(S). We prove

that if F is a varifold satisfying the above properties, then spt||K|| Pi (7(0,1) is the

graph over a /c-dimensional half-plane of a Cla function.

Fix a, 0 < a < 1. Whenever N is a (k - l)-dimensional Cla submanifold of

(7(0,1) containing the origin, we make the following definitions. Let

Y = Tan(N,0),

KX(N) = inf{r: \Y±(y - b)\ < t\y - b \ whenever y, b g A'},

K2(N) = sup{||Tan(JV,A)- Y\\: b a N},

K3(N) = inf{r:||Tam>, b) -Tan(N, y)\\ ^ t\y - b\a whenever y, b g N),

K4(N) = sup{\Y±(b)\:ba N},    and

r/(A0 = max{Ki(N):i = 1,2,3,4}.

If N is the graph of a Cla function/: Y n 1/(0,1) -» y-1 we set

<o = {(a,A): {a + o:i?e Y±) nN = {b}},

f(a) = |a — w(a)|   whenever a g domain cj ,    and

x(a) = F + {t(a - u(a)): t G R} g G(w, A:)    whenever a G A7.

The Varifold Theorem. Suppose 0 < « < 1. There exists ß > 2 depending on n

and n — k such that for each e with 0 < e < 1 there exists 8 > 0 and 0 < C < oo vvz'iA

the following property: If

(HI) F « a k-dimensional varifold in R";

(H2)||Fj|(R"~ (7(0,1)) = 0;
(H3)spt||K|| n (7(0, S)* 0;

(H4)|¡F||Í7(0,1)<(1 +8)a(k)/2;

(H5)0*(||K||, x)> l/o/-||F||a/mosfa//x g R";

(H6) N is a (k — \)-dimensional Cla submanifold ofR" with the Holder constant of

the derivative not exceeding 2/ß;

(H7)\\V\\(N) = 0;

(H8) 0 g N;
(H9) y= Tan(N,0);

(H10) N is the graph of a Cla function f: Y -> yx ;

(Hll) (Closure ofN)D (7(0,1) = N;
(H12)jek-\N n (7(0,1)) < (1 + 5)a(Jt - 1);

(H13)0<*(JV-)<6;
(H14) K « stationary with respect to vector fields g with spt g a (7(0,1) ~ N; and

(H15) F = v(Q), where Q G 3?k(R") is a representative modulo two, (spt 3Q) n

i/(0,l) = /V and \\Q\\2U(0,l) ^ \\P\\2U(0,1) whenever Pa3$k(R"),  dP = dQ and

Pl(R" ~ (7(0,1)) = Ql(R" ~ i/(0,l));

then

(Cl) for each b g jV n (7(0,1 - e) /Aere exwto a ««/'/ fecíor wA g Nor(A(, ¿>) /or

wA/cA

Tan(spt||K||, b) = [y + tuh: y g Tan(N, b) and t > 0};
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(C2)jtt = J\T±(x)\2d\\V\\x < e where T = [y + tu0: y G Tan(N,Q) and t G R};

(C3) Tprojects spt||K|| n (7(0,1 - e) univalently into T;

(C4) ||Tan(spt||F||, x) - Tan(spt||F||, a)\\ < Csup(ju, r)(N)}\x - a\a whenever x,

a G spt||K|| n (7(0,1 - e)~ N;

(C5) If y, b G N and Th, Ty G G(n, k) containing Tan(spt||K||, Ô) and

Tan(spt||K||, y) respectively, then \\Th- Tv\\ < Csup(jtt, t)(N))\y - b\a; and

(C6) ||Tan(spt||F||, x) - Tu{x)\\ < Csupfju, t](N)}\x - u(x)\a whenever x G

spt||F|| n (7(0,1 - e)~ 2V,

Proof. The proof parallels that of a boundary regularity result of Allard [5, §4].

Here we outline the changes and concentrate on places where significant changes are

made. A detailed version of our parallel proof is available from the author upon

request. The main differences are that Allard's boundary is C2 rather than Cla,

while his variational condition on Fis weaker than our (H14) and (H15). We replace

Allard's nearest point retraction onto the boundary, £, which is no longer Lipschitz,

by our w. We replace Allard's distance p from a point to the boundary by our f, k by

Kx, 1 - k/p by a, and BbyN.R = K{\

The proof requires several basic properties of tj and a, which we now prove.

(1) ri(N) < ßC, where C is the Holder constant of Df and ß > 2 is a constant

depending on n and k.

Indeed, we check that K2(N) < C and K3(N) < C by first noting that

Tan(^V,D)= {y+(y,Df(Y(y))):ya Y),

and then applying [4, 8.8(5)] to obtain

\\Tan(N, b) - Tan(N, y)\\ < ||D/(y(A)) - Df(Y(y))\\ < C\b - y\"

and

\\Tan(N,b)- Y\\< C\b\a < C

whenever b,y g N. To see that KX(N) and K2(N) do not exceed ßC, we let b and y

be in N and use the mean value theorem applied to the coordinate functions of / to

find x„...,jc^ton the line between Y(y) and Y(b) such that

f,(Y(y)) -f(Y(b)) = grad/,(x,) -[Y(y) - Y(b)}.

There is a constant A depending on n and k such that

\Y^(y)-Y-(b)\ = \f(Y(y))-f(Y(b))\

n-k

L|grad/,(x,)||y(v)-y(/3)|
i-1

n-k 11/2

1/2

I |ö/(x,)|:
1=1

|y-6|

^21 iiiy(^)ii2
1 = 1

since |x,| < 1. LetjS = max{^(n - k),2).

1/2

|j-/3|</lC(rt-/V)|v-o|
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Note that [4, 8.8(3)] implies

||Nor(/V, b) - Nor(7V, y)\\ = HTan^, b) - Tan(N, y)\\ < t\(N)\b - y\a

whenever >>, b a N.

(2) For each r, 0 < r < 1, let ju(r_1): R" -» R" be the homothety fi(r'lXy) = r~*y.

Let Nr = n(r~l)N n (7(0,1). Then Y = Tan(jVr,0) and -q(Nr) decreases to zero as r

does.

(3) If riiN) < 1, then Y maps N n (7(0,1) diffeomorphically onto Y(N n (7(0,1))

and the Lipschitz constant of the inverse map does not exceed (1 — [tj(N)]2)~l/2.

Indeed, whenever v, b g n n (7(0,1), we have

|y(v)-n^)l = l>'-^l2-l^(^-^)l2

>b>-;A|2-[*iW]2b'-6|2

^(l-[rj(A')]2)|v-/3|2.

Note that

(4) \u(x) - w(a)| < (1 - [tKA)]2)-172^ - a| whenever x, a g {z: ïf(z) g N n

(7(0,1)}.

Allard's proof is a series of lemmas most of which go through in our case with

references to Allard's 2.1 and 2.2 replaced by our definitions of rj, to, f, and x and by

(l)-(4) above; with 3.4(1) replaced by 5.3.2(1), 3.4(2) by 5.3.2(2), 3.5(1) by 5.3.3(1),

3.5(2) by 5.3.5(1), and 3.5(3) by 5.3.5(2).

In [5, 4.4], the inequalities of the proof require minor changes when our references

are used, but it is easily checked that results (l)-(4) of [5, 4.4] remain as stated.

Inequality (5) must be modified to

(5) for small t,

f \f\2dJ^k
JT(M)n{z: |Y(z)|<i}

(2r2 + 4r/(7V)í) f      \\Df\\2dJi?2 + 4a(k - 1)[tj(/Y)]2i.
Jtí m\'T(M)

This is verified by following the computation of Allard [5, pp. 434-435], but using

the fact that by definition of tj(N), \Y±(z)\ < r\(N) whenever z G N.

The proof of [5,  Lemma 4.5] requires significant change. We now prove a

replacement lemma.

Lemma. There exist constants 8 > 0 and C such that whenever V and N satisfy

(H1)-(H15) for 8, Te G(«, k) containing Y = 7an(N, 0), and

ll= (/itMjOiVpi*)

then

f \\S - T\\2dVix,S)^ Csup{p2,712iN)}.
JLH0,15/\6)xG{n,k)
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Proof. Let <¡>: (7(0,1) -» R be a smooth function with 0 < <j> < 1, spt $ a (7(0,1),

and (7(0,15/16) c {x: <f>(x) = 1}. Let L = supfjgrad 4>(x)\: x G (7(0,1)}. Let g(x)

= [4>(x)]2T± (x). Then

Dgix) ■ S = 2<l>ix)s[T± ix)] •grad<í.(x)-[<í.(x)]2F-L  S.

From [4, 8.9(3) and (2)] we have

[<Kx)||s-r||]2=[<Kx)]2ur--s||2

<Dgix)-S-2<t>ix)s[T±ix)] -grad<f»(x)

<Dgix)'S + 24>ix)L\\S- T\\\T±ix)\

whenever (x, S) G (7(0,1) X G(n, k). As in the proof of Proposition 3 of §5.3,

condition (H15) of the Varifold Theorem implies that

JDgix)SdVix,S) *ij\g\d\\N\\.

This, combined with Schwarz's inequality, implies

(•)       f[<¡>ix)\\S - T\\]2dVix, S) < j[4>ix)]2\T^ ix)\d\\N\\x

+ 2L{f[<Pix)\\S-T\\]2dVix,S)j     n\Tx(x)fdVix,S)j     .

Let z = (/[(|>(x)||S - T\\]2dV(x, S))1/2. Solving the polynomial equation

z2-2L^f\T±ix)\2dVix,S)]j     z- f[4>ix)]2\T^ix)\d\\N\\x = 0

for z yields two roots rx < r2. It is easy to see that (*) is satisfied if and only if

rx « z < r2. Computing r2 and noting that (a2 + b2)l/2 < a + b for positive a and

b, we have

\!/2

/[«í,(x)]2||s-r||2¿n*,s)]

1/2

1/2

+

^72        /   \ \l/2

</-2 = 2LÍj"|F±(x)|2dK(x,S)

L2/|rM^)|2^(x,S)+/[<í»(x)]2|FM^)l^l|Aíll^

< 3l(/|FM*)|2¿F(x,S))      + [f\T±ix)\d\\N\\x

[ \\S-T\\2dVix,S)

<f<t>2ix)\\S-T\\2dVix,S)

< 9LY + f\Yx ix)\d\\N\\x + 6LllU\Y± ix)\d\\N\\x

Hence

1/2

< 9L2jli2 + 2a(k - l)f]2iN) + 6Ljut/(7V).
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We may choose <f> so that L < 2/16. If 8 < 1, then r/2(V) < tj(ÍV). Let C = 9L2 +

2a(Jfc - 1) + 6L.   D

The change in (5) above and our references yield minor changes in the constants

in the proofs of Allard's [5, 4.7 and 4.8]; however, the results go through as stated.

To prove the Varifold Theorem, we fix e and y with 0 < e < y < 1 and choose 8

sufficiently small that

2i/2e-a + 2)/2(i +(2«(/c))1/2(l + 8))8

does not exceed the 8 of [5, 4.8]. Suppose V, N and Q are as in the theorem.

Tan(spt||F||,0) is a half-plane of some T in G(n, k) and Tan(7V,0) c T. Whenever

b g N, let Th = Tan(7V, b) + [Nor(V, b) n T\. Then

||r6-r||<||Tan(/V,A)-,Tan(^,Q)||

+ ||[Nor(/V,A)n T] -[Nor(V,0)n F]||

^2K3(N)\b\2<2ri(N).

Whenever x g (7(0,1),

\T¿ (x)\ < \T^(x)\ + \\Th - T\\ \x\ < \TX (x)\ + 2r¡(N)\x\.

Then, whenever b g N n (7(0,1 - 7),

#**-((! — 1*0"*" 7 |F¿-(*)|2¿l|F||x
\ •,L/(/>,l-|fc|) /

<£-(/c + 2)/2Í2r |7^(x)|2¿||F||x

\ ■'1/(&,1-I¿>D

a/2

+ 2/ 41?2(V)|x|2d||F||x
•'t/(ft,i-|*|) /

< yTe'*™2^ + 2t,(V)(||F||(7(0,1))]1/2

< ^-(^^[j + (2a(£))1/2(l + 8)]S.

The proof now proceeds as on [5, p. 443] with |(x), p(x), 17 and 1 — k/p replaced

by u(x), \x - w(x)|, t](N) and a, respectively.

Corollary. Let 0 < a < 1/2. Let S, B a R" />e solutions to our variational

problem. Suppose 0 a B - spt2(F), @k-\jfk-1iB,0) = 1 and &k(JfkiS,0) =

1/2. Then the following three statements hold.

(1) There exists a unit vector u G Nor(fi, 0) for which Tan(S,0) = {y + tu: y G

Tan(B,0) and t > 0}.

(2) Let T = (y + tu: y g Tan(5,0) and / g R}. There exists an R > 0 ímcA iAa?

S n (7(0, /<) w the graph of a Cla function f: T(S n (7(0, /?)) ^ Fx and (7(0, /?) n £

« a C1,a manifold.

(3) There exists an R > 0,a rotation 0 ofR"_1 anda C1'" function

ii:(R*_1 x(R + u(0}))n (7(0, ä) ^ R"~*
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such that

graph« = ^(S) n(Uk(0,R) xR"~k)

and

graph(M|(R/t-1 x(0})n (7(0, R)) = x^(B) n(£/*(0, R) XR""'),

where \p: R" —> R" is defined by applying 0 to the variables xx,.. .,xk_x, xk+1,...,x„

and leaving xk fixed.

Proof. In light of the introduction to this section only (3) requires proof. Let 6 be

the rotation of Theorem 5.2. Statement (3) follows provided T is not contained in

Z = q*(R"~1). Suppose that S were tangent to Z at the origin. Let r > 0 be such

that S C\([TC\ (7(0, r)] X T^) is the graph of a Cla function on T n (7(0, r). A

standard barrier argument ensures that S lies entirely in R*_1 X (R + U{0}) X R"~A

and precludes the possibility that S is tangent to Z at any point in the interior of S.

Let p be a point in T and T n B(p, s) be a disc in T such that T n dB(p, s)

intersects B only at the origin where it is tangent to B. Then the support of

3[5'*l(F n B(p, s)) X TL] is a (k - l)-dimensional surface lying wholly to one side

of T except at the origin where it is tangent to T. Thus we choose a C00

(k — l)-dimensional manifold N in (T D dB(p, s)) X T1 which lies between T D

dB(p, s) and spt 3[5*l(F n B(p, s)) X TL] and which is tangent to T at the origin.

Solving a Dirichlet problem, we find a minimal surface M spanning N. Again, a

barrier argument shows that M ~ {0} c(Tn B(p, s)) X Tx lies strictly between

T n B(p, s) and spt(5*L(F n B(p, s)) X TL). M is necessarily tangent to T at the

origin. By [13, Theorem 2], this is impossible.

5.5. C2'" regularity of S and B. We restrict to the case where S has codimension

one in R".

Theorem. Let S, B a Rk~l be solutions to our variational problem. Suppose that

0 < a < 1/2, 0 g B - spt2(F), Qk-\jifk-\B,Q) = 1 and @k(JifkLS,0) = 1/2.

Then S O (Uk(0, R) X R) is a C2a manifold with C2-" boundary B n (Uk(0, R) X R)

for some R > 0.

Notation. The ambient space will be considered as Ri + 1 = R*XR and the

points of R* will be denoted by (x,t) = (xx,...,xk_x,t). Differentiation with

respect to x, will be D¡. The partial with respect to t will be written Dk or D, as

convenient. We define px and p2 to be projections of R* + 1 onto the first k

coordinates and the last coordinate, respectively, while p* and p* will be the

associated orthogonal injections. R, \p and (7 are as in (3) in the corollary of §5.4,

2 = Uk(0, R)n{(x, t):t >0}    and    (7 = 2 n {(x, t): t = 0}.

Derivation of the differential equation. Given any 9: Rk -> R of class one with

support in Uk(0, R) we define

h(s, z) = z + s[p% ° 0 ° px](z)

whenever z g Rk + 1 and -e < s < e, some small positive e. We let hs(t) = h(s, t)

and define/: (-e, e) -> R by

J(s) =jek(hs(^(S)n^, x R)) + c/'-1(í,(1Kí)nS x R)).
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That is,

k

I
7-1

1/2

Jis)=fh+ Z\DJuix,t)+sDJ6ix,t)\2\     d<£kix,t)

k-l 1/2

+ cj il +  £ \Djuix,0) + sDj$(x,Ö)\2\      d<£k~xx.
'u\        ,=i

By the minimizing properties of S and B, J has a minimum at s = 0. Thus,

k     I k \"!/2

(i)  o = / £ i+ Elty»(*.0la
2i-M 7-1

D,M(x,r)-£),f;(x,0dyA(x,0

*-l/      *-l \^/2

+c/ L i+Li^/"(jc,o)i2]    A"(*>o)-z),0(x,o)dsek-^x.
' L

7-1

This equation may be split into an interior equation and a boundary condition as

follows. Consider functions 8: Rk -* R with support in Uk(0, R) of the form

0(x, t) = p(t)<t>(x), where p: R -» R and <#>: R*"1 -» R are of class one. For such 6,

equation (1) becomes

v-l/2

(2)   0= / £   1+ I|/7jM(x,0l2      M*.0-A*<*)p(0.<*-?*(*.0
^  -I I 7-1 /

/      * Y1/2

+ / i+ Liß,-«(*»0i2     />*«(*, o-p'(04»(*)^*(*.0
7-1

A: - 1   / A -

(-1 7 = 1

-1/2

+cf £  i + £ IA"(x,o)i2      /),M(x,o)-/7,<í,(x)p(o)í/y/t-1x.
Jti  -, -, I

The interior equation is obtained by considering functions p which vanish at t = 0.

The boundary condition arises by first letting pc(t) be a smooth function such that

pc(0) = 1, pe(t) = 0 if t > 2e, and p'(t) < 1/e for all / whenever e > 0 and then

taking the limit as e approaches zero. This yields the equation

k

(I)       0= (  £   1+ £|DM(x,i)|2 Diuix,t)-Dßix,t)dXkix,t)
J*? .   . \ .   .

7 = 1

-1/2

whenever 6 has support in 2 ~ {(x, t): t = 0}, and the boundary condition

k-il       k-i \"1/2

(BC)     0 = cf   £    1 +  £|F>,t/(x,0)|2 DiUix,0) ■ DMx) dáf^x
u ,=i /-I

A -1/2

+ / i+ El^"(-X'0)l2      F>^(x,o)-(|)(x)i/yA-1x
'U\ 7-1

whenever <J> has support in Uk~1(0, R)
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Second partíais in the x variables. We fix i, 1 < i < k\— 1, and show that DtDu

exists and is Holder continuous. Choose f = (y, 0), where y is a unit (k — l)-vector

parallel to the x,-axis in R*"1. For each A > 0 define the difference quotient

uhix, t) = h-^uiix, t) + hï) - uix, t)].

The proof will proceed as follows. A device of Lichtenstein yields a linear elliptic

system of an equation and a complementing boundary condition which uh satisfies.

Applying a Schauder estimate of [2] we obtain a bound on the derivative and Holder

constant of uh which is independent of A. An equicontinuity argument then implies

the existence and Holder continuity of D¡Du on U.

Equations for uh. The device of Lichtenstein is applied to the interior equation as

follows. Whenever 0 < 5 < 1, define

A    / k \-V2

Ais) = (  £   1 + £ \DjU + shDjUh\2        (D,w + shDiUh) ■ DfidS£k.

^,-i\       j~\ j

Noting that ^4(0) is the right-hand side of (I) above and A(l) is the right-hand side of

equation (I) with 9 replaced by 9(x, t) = 8(x — hy, t) we arrive at the equations

(I-h)     0 = pA'is) ds,

0=J  £ if1 1 + £ \DjU + shD]Uh\2 ds   Dtuh ■ DfidSek

kit       k \-v?

/    E     /   1+ E \D,u + shD,uh\

x(Z),u + shD^^DjU + shDjUh) ds\DjUh ■ D,6dSek

whenever 9: 2 -> R has support in the interior of 2. With the integrals with respect

to 5 as coefficients, equation (I-h) is a linear equation of uh. When one applies this

procedure to  the boundary condition for u, one obtains the following linear

boundary condition for uh.

(BC-h)

k-ll    .J k-l \-l/2       \

ds

A - 1 / / k-l

0 = cf   £/"l+£ \DjUix,0) + shDiUhix,0)\
JU ,-_!  Wo  \ j=x

XD,uhix,0) ■ D&ix) d<ek~lx

A-l   /        / k-l \-V2

-cf    E     Í   1+  £|Z7/M(x,0)+iA/V(x,0)|2
Ju ¡J=x\Jo \        /=1 /

X (f>,M(x,0) + iAo,w',(x,0))(Z)/M(x,0) + shD;■«*(*, 0)) ds]

I
XD/uhix,0)-D,<t>ix)d£'k-ix

(continues)
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I     J k \-l/2       \

+ /   / U + Y,\Dj«(x,0) +shDJuhix,0)\2 ds
U\   ° l 7-1 / i

xDkuhix,0) ■ <f>(x) d£t°k-lx

k I A

-/   E   /   1+ YJ\DJuix,0)+shDJuhix,0)\2\

™*-i-\M        7-1 /

x(/)/t«(x,0)+iA/)^M"(x,0))(/J>,M(x,0) + shDiUhix,0)) ds\

XDiuh(x,0)-<t>ix)d£'k-1x.

The Schauder estimate. We apply the Schauder estimate of [2, Theorem 9.1] to

equations (I-h) and (BC-h). The interior equation is uniformly elliptic. This follows

from the ellipticity of the area integrand (see [8, 5.2.17, 5.2.23 and 5.2.15]) and from

the fact that we may bound the coefficients (see below). In fact, we may bound the

coefficients independent of A, provided A < 1.

Let L'(P, 3) and B'(P, 3) denote differential operators associated with the terms

of the interior and boundary equations of highest order. The supplementary condi-

tion follows by direct computation when k = 2 and from the ellipticity when k > 2.

Next (BC-h) satisfies the complementing boundary condition. Indeed fix P g (7.

Let e' denote the interior unit normal to 2. Fix £ =£ 0, tangent to 32 at P. The

polynomial L'(P, £ + re() is a quadratic polynomial having precisely one root with

positive imaginary part. Call this root t0. Thus M+(P, £, t) = t — t0 is a linear

polynomial. Then B'(P, £ + re,) is a constant, call it A, since B has no derivatives of

order two in t. Furthermore A is nonzero since to highest order, the boundary

equation agrees with the minimal surface equation which is elliptic. When

B'(P, £ + ret) is divided by M+(P, £, t) the remainder is this same nonzero con-

stant. Furthermore, by the bounds on the coefficients of (BC-h) found in the next

paragraph, A is independent of A provided A < 1.

Now we verify that the coefficients of (I-h) and (BC-h) are bounded independent

of A at least if we restrict to A's less than one. Since

/     * , A~l/2
1+ £ \Dju(x,t) +shDjUhix, t)\

does not exceed one for any s or A, it will suffice to fix/, 1 </ < k, and bound

\DjU(x, t) + shDjUh(x, t)\. We recall that u is Cla and let K denote the Holder

constant of Dm. This combined with the definition of uh implies

\Dju(x, t) + shDjUhix, t)\ < Af |(x, t)\a + sK\ix, t) + H\a

+ sK\ix, 0|Q +(1 + 2s)\DjUÍ0,0)\.

The bound on \DjU(x, t) + shDjUh(x, t)\ now follows since |(x, t)\ < R, |f | = 1 and

A < 1. A similar argument bounds the coefficients of (BC-h).
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Finally, we show the existence of a constant which bounds the Holder constants of

the coefficients of (I-h) and (BC-h). Note that since each DjU is C0a so is each

coefficient. Again we consider only those A's which are less than one so that the

Holder constants of the coefficients may be bounded independent of A.

Let P, Q g 2, and compute

/ A \"!/2     / k \-l/2

1+ Y,\DJuiP)+shDJuhiP)\2\      - 1 + £|Z),u(ß)+jAI>,i<*(e)|

\ 7-1 / I 7-i

i2

I A \!/2    /,,>       .* \l/2

1+ £|X>,-«(ß)+iA/),.«*(i2)|2       - 1+ £|2>,k(P) + íAZ>,.k*(í>)|2

y 7.-1 / \ 7-1 /

Ik \   I       k

1+ L\DJuiQ)+shDjuhiQ)\2  - 1+ E|/),t/(ô)+iA/)7M(F)|2

7-1 /     \ 7=1

Let F be the supremum over/ = 1, 2,...,k of the bounds on the \Dj((x, t)) +

shDjUh((x, t))\ computed above. Since a2 - b2 < 2 sup(a, ¿>}(a - b) and |a| - \b\

< | a - ft |, we have, for each/,

|Z7/M(e) + shDjUhiQ)\2 - \DjUiP) + shDjUhiP)\2

< 2E(\DjuiQ) - Dj(P)\ + sh\DjUhiQ) - DjUhiP)\)

< 2F(|/).u(ß) - DjiP)\ + s\DjUiQ + Af) - Z)yM(F + Af)|)

< 2F(1 + s)K\Q- P\a.

Thus,

I k \-V2     / ft yl/2

1+ El^MÍF)^-^/)«^^)!2 - 1+ £ \DjuiQ) +shDjUhiQ)I2
l 7 = 1 / \ 7=1 /

< 2kEKi\ + s)\Q - P\a.

Taking the integral with respect to s gives a Holder constant for the coefficient

which depends only on k, E and K. A similar computation applies to the other

coefficients.

Thus by [2, Theorem 9.1] there is a constant Cx independent of A such that

sup{dp\DuhiP)\:Pa?}

+ sup{dP+"\DuhiP) - DuhiQ)\/\P - Q\a: 4\P - Q\ < dPdQ)

does not exceed Cx. Let Rx = 4~lR. Also there is a constant C2 independent of A

such that

\Du"iP)\ +i\DuhiP) - DuhiQ)\/\P - er) < C2

for all P and Q in 2 n (7^(0, Ri)-

Convergence of sequences of uh,s. Suppose we have a sequence of g; = uh> on

2 D Uk(0, Rx) where 0 < A- < 1 for all/ and Ay approaches zero as/ approaches

infinity. By the computations above, both Dgj and the Holder constant of Dgj are
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bounded independent of/. Furthermore, if T is the real-valued function defined by

H*) lim   fgj4>
j -»oo   J

dse*

whenever </>: 2 n (/''(O, /?,) -* R is C°° with compact support, where the integral is

over 2 n Uk(0, Rx), then Fis continuous and linear. Thus by [8, 5.2.2], the sequence

g- converges uniformly to a function g which is continuous and has a Holder

constant of exponent a which does not exceed C2. This g is Dx Du.

Second partíais in the t variable. We will use equation (2) to see that Dtu(x, t)

equals a function which is Cl° in t for \t\ sufficiently small. Since all second partials

of u which involve at most one derivative in the t variable exist, we may integrate by

parts in the first and third terms, use Fubini's Theorem [8, 2.6.2], and then integrate

by parts with respect to t in the inner integral of the first term to rewrite equation (2)

as

»-/

k-l

f     f E A[DmÍx,*) 1+ Z\Djuix,s)

(K

1 + £ \Djuix, t)
/=i

-1/2

p'it) dt

k-l k-l -l/2\

+ cf   £/),   Z),M(x,0) 1+  £|DM(x,0)
7 = 1

2 \dsp'it)dt

<t>ix) d¿?k-lx

p(0)<f>(x) dsek~xx.

This equation is valid for all smooth $ and p with compact supports in (7 and

R+U (0}. In particular, if p(0) = 0, the third term drops out. Thus for=Sf *_1 almost

all x in (7, the expression in the square brackets is zero. Since all the partials of u

appearing in the expression are continuous in x, this expression is zero for all x in (7.

By the constancy theorem (see [1, 3.27]), for each x there is a constant Cx such that

Dkuix,t)\\ + £|A"(*,0l

-1/2

A-l

/' E D.Jci    .     ,
Djuix, s) 1+ zZ\Djuix,s)Y

for almost all t > 0. Again, by continuity, the equation is valid for all t ^ 0.

Since the integrand is C" in 5, the right-hand side of this equation is Cla in t for

each x. Furthermore, all terms appearing on the left besides Dku(x, t) are known to

be C1'" in t. The right-hand side does not equal one for any x and /. Solving for

Dku(x, t) we see that Dku(x, t) is equal to a function which is Cla in t for |i|

sufficiently small.

Thus u is C2a in 2 n Uk(0, R2) for some R2 > 0.

5.6. Analyticity of S and B. Continuing to restrict to the case where S has

codimension one, we now prove our final regularity result.
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Theorem. Let S, B a R" be solutions to our variational problem. Suppose 0 G B ~

spt2(F), ek~1(Ji?k-1LB,0) = 1 and 0*(J>f *lS,0) = 1/2. Then S n ((7(0, R) X R)

is a real analytic manifold with real analytic boundary B Pi (Uk(0, R) X R) for some

R>0.

Proof. The function u of the last section is seen to be analytic at the origin by

applying a theorem of Morrey [12, 6.8.2] to equations (I) and (BC). (I) is verified to

be elliptic and the system is verified to satisfy the complementary boundary

condition with weights 0, 2 and 0 by a computation nearly identical to those of the

previous section.

6. Size of the possible singular set. Returning to arbitrary codimension we now

show that the set of points on B which do not satisfy our density hypotheses has

Hausdorff dimension at most k — 2. We prove a theorem for ^-dimensional rectifia-

ble currents in R" that when applied to S* yields conclusion (3) of our Main

Theorem.

Whenever Q g 3?k(R"), we define

w(Ö) -■[{*: e*(||ßll, x) > 1/2} u (x: è*-l(||aflfl, x) > 1}] n spt(3ß).

Theorem. If 1 < A: < «, Ta 3$k(R") and T is area minimizing modulo two, then

3z°m((¿(T)) = 0 whenever m > sup{0, k - 2).

Proof. We use induction with respect to k. The theorem is known to be true for

k = l[l, p. 771].

Assume the theorem is true with k replaced by k — 1. Suppose, however, that

for T and k as in the statement of the theorem 3&m(u>(T)) > 0 for some m >

sup{0, k — 2}.

Step 1. Whenever 0 < m and A a R", we define

4>™iA) = inf<   £ a(w)2_,"(diam B)m: Gis a countable open covering of A >.
* sec '

The definition of Hausdorff measure implies that

C(^) = 0    ifandonlyif   Jfm(A) = 0,

and [8, 2.10.19(2)] implies that @*m(<t>™LA) > 2~m for Jf m almost all x in A.

Step 2. We choose a g «(F) such that &*m(<¡>™Lu(T), a) > 0. Let d > 0 be such

that 0*m(<f£Lco(F), a) > 2md > 0.

Step 3. Construct a sequence similar to [8, pp. 624-625] of /?, approaching infinity

such that

C["(F) n Bia^r1)] > 2mJßr*(M)

and such that a subsequence of Q¡ = (ju(/?,)° r(-a))#T converges to Q, an oriented

tangent cone. It is easy to verify that Q is area minimizing modulo two. As in [7,

Lemma 1]

CMÔ) n 5(0,1)] > limsupCMô) n 73(0,1)] > 2mdaim).
(-»00

ThusJrm(w(ö)) > 0.

Step 4. From here proceed as in [7, Theorem 1] using our induction assumption.
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